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Abstract

We consider the mixed H?/H® control problem of
choosing a controller to minimize the H? norm of a
given closed-loop map, subject to the H* norm of
another closed-loop map being less than a prescribed
value . Let dp and 2 denote the H2 and H*® norms
for the pure H?-optimal solution (without any H* con-
straint), and let d. and 7. < v denote the H? and H®
norms for any solution that yields an H* norm strictly
less than + (such as, say, the central solution). Then if
d., denotes the optimal H? norm that can be achieved
in the mixed H2/H® control problem, we show that
do — 3 _ (72~7>2 - (73—72)2 <1
Z—d5 ~ \n2—7 "=

1 Introduction

The problem of mixed H2?/H® control has received
considerable attention in the last few years [1, 2, 3, 4,
5,6, 7]. The main objective in this area is to design con-
trollers that are robust and that, at the same time, have
optimal average performance. Unfortunately, unlike
the H2 and H* control problems, the mixed H?/H*>
control problem has proven to be surprisingly difficult,
and in [8, 9] it has been shown that, except for some
trivial cases, the solution is nonrational so that finite-
dimensional state-space solutions do not exist. There-
fore to date, most authors have either resorted to find-
ing suboptimal solutions with finite-dimensional state-
space structure [3, 5, 10], or to considering auxiliary
problems where the objective H? cost is replaced by a
suitable upper bound [1, 2, 4, 6]. '

In this paper, we develop a simple upper bound for-
mula for the achievable H? cost in the mixed H2/H®>
control problem. This bound is of importance for two
reasons: first, it allows for a performance compari-
son with the solutions obtained by finite-dimensional
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numerical optimization [3, 5, 10] and/or via auxiliary
costs [1, 2, 4, 6], and, second, it allows one to obtain
a quick “feel” for how much improvement in H? per-
formance is possible within the set of all controllers
satisfying a certain H* bound.

We should remark that we are not aware of similar
bounds in the literature. The only ones that we are
aware of are those of [11, 12] that give an upper bound
on the H? norm of the central controller, and are not
really concerned with the best achievable H? norm for
other controllers.

To describe the upper bounds, consider the following
mixed H?/H®™ problem:

e [0,

subject to ”Té)m)(z)“ <7
oo

Here Tg)(z) represents the transfer matrix whose H?

cost we are attempting to minimize, and Tg’o)(z) rep-
resents the transfer matrix whose robustness we are
required to ensure. These two transfer matrices are
functions of a common transfer matrix Q(z) € H®
which can be thought of as the controller. The mixed
H?/H®™ problem has two major instances: the four-
block problem, which arises in measurement-feedback
control, where!
I

(2)
with P} € H®, i = 2,00, j,k = 1,2, and the two-
block problem, which arises in estimation and in full-
information control, where

PP+ PRQ)PY(2) PYQ(2)

(%) .
Toe) = Q=P (2) Q2)

19() = [ PO+ P0G Q@) ], ®)

with P;i)(z) € H®, i = 2,00, 7 = 1,2. In what fol-
lows, for brevity, we shall only consider the four-block

1The four-block problem mentioned here follows [13], Chapter
11, and is slightly different from the one commonly referred to in
the literature (such as in [14]). However, our results also hold for
the latter four-block problem, as we expalin in Sec. 4, Remark

(vi).



case. Our results also hold for the two-block case, since
similar arguments can be used.

We shall make two assumptions on 4. The first is that
Y > Yoo, Where

& inf
Q()eH>

Yoo 75| @)

o0

his ensyres that the set of controllers for which
0C))(z)‘ﬂ < # is non-empty, so that problem (1)
does indeed have a solution.

The second is that v < 72 2 HTSZO)(Z)” , where

Q2(z) € H* is the solution to the unconstrained H?
problem, i.e.,

[z&@],
This ensures that the constraint in problem (1) is in-
deed active, so that the solution is not trivially equal

to Q2(2).

A
Z}) = ar min
Q2(2) = 8 o in

With these assumptions, we have the following result.

Theorem 1 (Simple Upper Bound) Consider the
mized H2/H™ problem (1) and assume that vo > v >
Yoo- Let Qc(z) € H™® be a transfer matriz that satisfies

HT(°°) )“oo < v, and define

A
oh AN

Then, if we denote the optimal H? cost in problem (1)
by d,n, we have

dZ, — dj (72—7)2 (7%—72>2
m < < <1. 6
2-di ~\ 72— 3 -2 (©)

and 7, 4 ”Tgf)(z)

<.
o0

Note that in the above theorem, the upper bound in
(6) is valid for “any” transfer matrix Q.(z) € H* sat-

isfying ”Téio)(z)” < 7. One example is the so-called
central controller o(?orresponding to v, for which it is

wellknown that . < 7. In this case, (6) can be rear-
ranged as

2
G (2Z1) @-@. 0

The upper bound on the RHS is readily computable
since dg, 72, d., and v, are easy to compute and v is
given.

2 _ 42
Note, moreover, that the ratio %ﬁg:;-if represents the
c 2

relative improvement in the H? norm of the mixed
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H?/H® optimal solution, compared to the H2 norm of

any controller satisfying ”T(°°) (z)” < 7. The ratio

—i—z, on the other hand, represents how much room

for maneuvering” the H* norm is available to the
mixed H?/H optimal solution, compared to any so-

lution satisfying HTgx’)(z)H < 7. Clearly, since
o0

dy <dp <d. and 2 > > 7. (8)

both ratios are strictly less than one. However, the
d2, — d3

bound (6) shows that
2
2 7% - 72
d2-di " \v-1) "

In other words, the improvement in the H? norm per-
formance is quadratically better than the room avail-
able for maneuver in the H* norm. This suggests
that the mixed H?/H> problem is a reasonable one,
and that, in the trade-off between H? and H*™ perfor-
mances, it is possible to obtain significant improvement,
in the H? norm without incurring too large a loss in
the H* performance.

(9)

In fact, we show the stronger result that
&, — dj (w—v)z
> <
d% - dz Y2 — Ye
The fact that this is a tighter upper bound follows from
Y2 —°

Y2 = Ye Y2 — e Y2 + Ye 2 -2
——

>1
Therefore in what follows we shall focus on proving
(10). However, before doing so, it will be illustrating
to obtain an alternative upper bound.

(10)

2 Alternative Upper Bound

The alternative upper bound that we are about to
present, uses the triangular inequality for norms. To
this end, let Q2(z) denote the HZ2-optimal solution,

Q.(2z) denote a solution satisfying ”T °°) ” <7,
and consider the convex combination
Qa(z) = (1=-0)Q2(2) +aQc(z), 0<a<1. (11)

Since Tg), i = 2,00 is affine in Q(-), for this choice of
solution, we have

T = (1-a)T) +aTf), i=2,00 (12)

so that

e

IA

18], +e ],

(1 - a)ds + ad.,



IA

It thus follows that

de{

since, compared to problem (1), we are minimizing an
upper bourd on the H? cost over a smaller constraint
set.

t-e [r e e
( a) Q2 °°+a Q. 00

(1 - a)72 + ay..

minoSQSI (1 — a)dz =+ adc

subject to (1 -a)y +av. <7y (13)

Now, since d; < d., the objective cost on the RHS
of (13), d; + a(d, — dy), is an increasing function of «,
and so to minimize it we need to find the smallest value
of a € [0,1] that satisfies (1 — a)ys + ay. < 7. The

corresponding value is clearly a,p = %—}, for which
we obtain
dm S (1_72—7)d2+72_7dc
Y2 — 76 Y2 — Ye
= do+ 2V (d, - dy).
Y2 =Y

We thus have the following result.

Lemma 1 (Alternative Upper Bound) Consider
the setting of Theorem 1. Then we have
dm — d2
d.—dy ~

Y2 —
'72 "’Yc

(14)

Although the bounds obtained in Theorem 1 and
Lemma 1 bear certain resemblances, the bounds of
Theorem 1 are tighter. Indeed:

Lemma 2 (Comparison of Upper Bounds)
Consider the setting of Theorem [ and Lemma 1.
Then we have

d3+ (72_ -~ )2(d2—d%> < [d2+ Y (d, —dz)]
(15)

so that the bound of Theorem 1 is tighter than the bound
of Lemma 1.

Y2 — Ye

Proof: Subtracing the bound of Theorem 1 from the
(squared) bound of Lemma 2, and after some algebraic
simplification, we obtain

[d2+—7—l(d —dz)] [dz (J—l)z(dg—dg)] =

Y2~ Y2—%e

2o (d, — do) 2= (1 - 1——1) >0,

Y2~Ye Y2—"Yc
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since all the factors on the RHS are non-negative.

The reason why the upper bound of Lemma 1 is not as
tight as the one of Theorem 1 is that we have not used
the facts that the norms in the objective and constraint
of problem (1) are H? and H* norms. Indeed the ar-
guments leading to Lemma 1 apply for any norms, since
we only made use of the triangular inequality. When
we make explicit use of the fact that the objective cost
is an H? norm, then we obtain the result of Theorem
1.

3 Proof of Theorem 1

The proof of Theorem 1 uses the following basic inter-
mediate result.

Lemma 3 (H? Cost) Let Q.(z) denote the H?2-
@), @)
z)“ < v, and con-

optimal solution of argming )cpe “Tg)

denote a solution satisfying HTC(??)(

sider the convex combination

Qa(2) = (1 - a)Q2(2) + aQc(2),

Then we have

0<a<l.

2
7@
|1,

2
2 {[p(2)
iy

(16)

(-1,
(1- a2)d§ +a di.

Proof: Defining the canonical spectral factorizations:

M{ (27" ) My (2)
Ni(2)N{(z77)

M (2), Mi(2),

M3 (27") My (2)
Np(2)N;5(277)

I+ PP (2)
I+ PR ()P (=™")

with M, (z2), N;7Yz) € H®, and
I+ PPz PY(2)

I+ PP (PR (z)

with M,(2), M;'(z), Na(2), Ny'(z) € H®, it is
straightforward to see that the transfer matrices
a | M7 )PE* () MI*(27Y)
O1(z) & 1 12 v
~N7(z) NTH(2)P3(2)
(2)%(—x —k (L —% -1
A P. Z7¥)N; *(z -M; (2
@2(2) = 21 ( _*) 3*( ) @) 2 (_1)
Ny (277) Py (2) M5 (2)
are unitary, since ©;(2)0*(z™*) = I and

©3(z7*)0,(z) = I. With these definitions, some



{ T,

simple algebra shows that

0TSO, =

M{"PY" PPN +MQN:  —M[T PR PP M

v

&s
-NTTP PR NG N7P M
(17
where, for notational simplicity, we have suppressed
the dependencies on z. Now since ©1(z) and ©2(z) are

unitary, we have
78], = lexre],,

Moreover, since only the (1,1) block entry of (17) de-
pends on Q(z), we have

2
HTC(;)HZ =S+ MIQN2]|§ + terms independent of Q.

Now if we define {A(z)}+ as the causal part of
A(z) (i.e., the part analytic in |z} > 1), and define
{A(2)}- = A(2) — {A(2)}4+, it is straightforward to see
that [|A(2)I13 = [I{A(2)}+]3+[[{A(2)}- 13- Thus, since
{M;(2)Q(2)N2(2)}- = 0 (all transfer matrices in the
argument are analytic in |z| > 1), we may write

IT&) = 1S} + QNI+ 1S} 1

+ terms independent of Q.

Moreover, since only the first term on the RHS of the
above expression depends on Q(z) it is straightforward
to see that the H2-optimal solution is given by

Qa(2) = =M () {S(2)}. Ny '(2),  (18)
and that
2
[T = 1)+ QM+ (19
Specializing this last expression for Q(z) = Qa(2)

yields

@|?

Qa

2
= |la{S}+ + aMiQ N[5 + d’

= & (IS)+ + MiQNal} +d3) + (1 - 0*)d
= o?d+(1-a)d},

where in the second step we used (18) which states
that {S}+ + M1Q2N, = 0. But the last equality is our
desired result.

]

Using the result of Lemma 3, it follows that
2 < | minoca<s (1 - a?)d3 + a?d? . (20)

m =1 subject to (1 —a)ys +ay. <7

“{S}+ + (1 —_ a)M1Q2N2 + aMchNszg + d%

since, as in (13), we are minimizing the H? cost over a
smaller constraint set.

Since dy < d., the objective cost on the RHS of (20),
d% + a*(d? — d3), is an increasing function of a. There-
fore to minimize it we need to find the smallest value
of a € [0,1] that satisfies (1 — a)y2 + a7y, < 7y, which is

readily seen to be agp = % For this value of a we
obtain

2 2
1_(72 'r) d§+<72 “r) &2
Y2 — Ye Y2~ Ye

. 2
d2+(——72_7) & — ),
? Y2 — Ye ( 2)

d2

m

IA

or, equivalently,

d.—d _(r-1 :
—di ~ \m-7/)’

which is what we set out to prove.

4 Conclusion and Further Remarks

In this paper we developed a simple upper bound for
the best achievable H? cost in mixed HZ/H® control
problems. This result is of importance since it allows
one to check the performance of the mixed H?/H>
solutions currently available in the literature that use
either finite-dimensional numerical optimization tech-
niques or auxiliary costs, rather than the objective H?
cost. Moreover, it allows one to obtain a quick “feel”
for how much improvement in H? performance is pos-
sible within the set of all controllers that satisfy a cer-
tain H* bound. In this regard, the bound shows that
the possible improvement in the H? norm performance
is quadratically better than the room available for ma-
neuver in the H*® norm. This suggests that the tradeoff
between the H? and H* performances is a favorable
one: it is possible to obtain significant improvement in
the H? norm without incurring too large a loss in the
H® performance.

Remarks:

(i) Our proof of (6) also constructed a solution that
achieves the upper bound, namely,

Y2 —7 Y2
w(z) = (1- —— z) + Q.(2),
Q)= (1- 221 i)+ 220wt
(21)
where Q(z) is the HZ-optimal solution and
Q.(2) is any solution yielding 7. and de.

(i) The upper bound (6) can be used with any so-
lution satisfying ||T| éoo)(Z)”oo < 7, and its corre-
sponding values of v, and d.. One natural choice



(iii)

(iv)

v)

is the central solution corresponding to the value
of ~, for which @.(z) and the values v, < v and
d. > dy are readily computable. However, how
tight the upper bound is depends on the spe-
cific Q.(-) chosen. Although it is easy to argue
that there exists a @.(-) that achieves the optimal
value d,, (to see this simply choose

N=Yen ) - (72 ~ Y

Qc(z) =
Y2 —7 Y2 — %

1) Q2(2),

where Q,(-) is the optimal mixed H?/H> solu-
tion) the problem is how to come up with such a
choice (@ (+) is obviously not known a priori for
the above choice to be viable).

Therefore it would be useful and interesting to
study (via simulation or otherwise) how tight the
upper bound of (6) is for the central controller,
or for controllers randomly chosen from the set

1T (2o <7-

choice
solution

Another is

the Qoo(2)
argmino(,)eym||Té°°)(l)||m, with corresponding
H? and H* norms ds and 7. For this choice,
(6) specializes to

possible
H>-optimal

Qoo(z)s

dzoo _d%

@2 <dd 4 -T2
27 (12 = Te0)?

m < (=772 (22)
which shows a very explicit quadratic relation be-
tween d,,, and 7.

We should also mention that the bound (8) can
be used for any mixed-norm problem, as long as
the objective cost is the H2 norm. In other words,
(6) is valid for any problem of the type

. 2
Qe = HTC(? )(2)‘ 2 (23)
subject to || To(2)|l <7

where ||T(2)|| represents any norm on the trans-
fer matrix T(z). The reason is that in the proof
of Theorem 1, the only property of || - ||oo that we
used was the triangular inequality, which is valid
for any norm.

Moreover, using the approach of this paper, it is
also possible to study a “reverse” mixed H%/H>
problem of the form

[ minQ(.)QHco “Téoo)(z)“oo

) - @)
l subject to ”TQ (z)“2 <d

(24)

Denoting the best achievable H* norm in prob-
lem (24) by “m, a similar argument to the one
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presented in the proof of Theorem 1, or a rear-
rangement of (22), leads to the following bound

& —

oo 2
Of course, by appropriately modifying v and
dwo, this bound can also be used for the more

general problem:
Finally, we should mention that the four-block
problem studied here is of the form given in [13],

and is slightly different from the one often re-
ferred to in the literature (as in [14]), which takes

ITo ()l

ming(.)eH=
T? <d
“ Q (z) g

subject to (26)

(vi)

the form
; R +Q(z) RY(z
Tg)(z) = 1112“) Q(2) %12)( ) , (27)
21 (2) Ry, (2)

with R$) € H®, i = 2,00, j,k = 1,2. Nonethe-
less, our upper bound (6) also holds for four-
block problems of the type (27). The basic rea-
soning is as follows. Our proof of (6) relied on
two facts: first, that Tg(-) is affine in Q(:), so
that the triangular inequality could be applied to
[ITo(2)]|c0, and, second, that the result of Lemma,
3 holds. Now Tg(-) in (27) is clearly affine in
Q@(:). Secondly, the result of Lemma 3 also holds
for four-block transfer matrices of the type (27).
To see why, note that the first step in the proof of
Lemma 3 was to transform the Tg(-) of (2) to an
equivalent one of the form (27) — see Eq. (17).
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