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Abstract

- We study the design of multiuser detectors from an H®
point of view. The H™ approach is most appropriate in the -

situations where statistical properties of the disturbances
are not known or are too hard to model and analyze. The de-
sign of the H™ optimal FIR multiuser detectors can be effi-
_ciently performed using numerical methods. Exploiting the

inherent non-uniqueness of the H™ solution, we addition--
-ally optimize for an.average performance thus obtaining
-_mixed H? | H*® optimal multiuser detector. Recursive solu- .

-tions, allowing for computationally efficient implementation
of the decision-feedback detectors, is briefly discussed.

1 Intbodhc_tioh )

In recent years, multiuser detection has attracted sig-
nificant interest due to enhancement of performance that
it offers in communication schemes with present multiple-
access interference (MAI) (see[1] and réferences therein).
High complexity of the optimal multiuser detectors hasled
to the development of the various linear multiuser detec-

tors, trading off performance for lower complexity. The -

. so-called decorrelating detector for rejection of multiuser
"interference was considered in, e.g., [2], [3]. To improve
on performance of decorrelating detector at low signal-to-
‘noise ratios (SNR), minimum-mean square error (MMSE)
-"linear multiuser detector was considered in, e.g., [4]-[6].
Further, to deal with multiple-access interference, a recur-
sive MMSE optimal multiuser detector based on Kalman
filtering was proposed in [7], {8]. The Kalman filtering
requires a priori knowledge of the (first and second-order)
' noise statistics. However, due to modeling errors and rapid

time-variation of the system-parameters that characterize

- mobile communications, the exact statistics ‘and distribution
of the underlying signals are often not known. Further, de-

“spite the numerous experimcntal measurements confirming
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that in many physical channels the ambient noise is impul-
sive, most of the multiuser detection techniques focus on the
situation where the noise is additive white Gaussian. Only
lately, the problem of robust multiuser detection has been
addressed in literature (see, e.g., [9]).

The robust estimation methods (so-called H°°)-design
safeguards against worst-case performance, making no as-
sumptions on statistical properties of the signals. This is
in contrast to the aforementioned mean-square-error mini-
mizing designs that optimize the average (or expected) per-
formance of the detectors and whose performance heavily
depends upon validity of the statistical assumptions made
in the design process. ;

In this paper, we present synthesis procedure for the
design of the FIR multiuser detectors based on H* and
so-called mixed H2/H®-optimal design techniques (see,
e.g., [10]- [12]) The mixed design allows for trade off be-
tween the best average performance and the best worst-case
performance. Thus the optimal mixed H 2/H™ detectors
achieve best average performance not over the set of all de-
tectors but over a restricted set of detectors that achieve cer-
tain bound on worst-case performance. The mixed design
is allowed for by the fact that the H* solution is highly
non-unique. This is due to the nature of the H® prob-
lem, which is commonly expressed as a feasibility, rather
than an optimization problem. One way to remove the non-
uniqueness is to optimize for some criterion other than H>
constraint. A natural choice is the H? norm, which then
leads to the mixed H2/H optimal solution. Beside the
H® and mixed H2/H® optimal FIR multiuser detectors,
we provide recursive forms which can be implemented via
fast algorithms, yielding computationally efficient realiza-
tion. :

2 System model

We consider a multiple-access system with M users,
with a total bandwidth LWj. Let s;(n) denote ith user sym--
bol stream, 1 < i < M. Each user’s symbol stream is mod-
ulated by the corresponding signature waveform, c;(n), and
then transmitted. The modulation of the ith user’s symbol
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Figure 1. Modulation of the ith user’s data stream

stream s;(n) by a signature waveform ¢;(n) can be viewed
as upsampling by a factor of L, L > M, followed by fil-
tering with a signature waveform, as depicted in Figure 1.
Output of each such stage is given by

zi(nj = zsi(k)ci(n - k)
k

We assume a slow frequency fading channel where the co-
herence time of the channel, T¢, is greater than the symbol
period of the transmitted signal. Hence, the multiuser chan-
nel in Figure 2 is modeled with stationary Rayleigh fading,
where v(n) is an additive noise and where (dropping the
time dependence index for the simplicity) p;(n) denotes the
channel response corresponding to the ith user. Then the
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Figure 2. Multiuser fading channel model

received sequence, y(n), is given by
y(n) = Zzpi(k)wi('n — k) + v(n).
Tk

We assume that the channel is known at the receiver. The re-
ceiver structure for extracting the symbol stream of the ith
user is composed of equalization, followed by demodula-
tion, and is depicted in Figure 3. Assuming discrete-valued,
uncoded data symbols, the decision is made upon appropri-
ately thresholding the estimate 3;.
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Figure 3. Receiver structure for the ith user

Denote the combination of the signature sequence and
the channel! response as

hi(n) = Y pi(k)ei(n — k).
4

We find it convenient to represent the resulting M -channel
bank of filters in polyphase form, that is, find polyphase
matrix H(z). In particular, by performing the Type-2
polyphase decomposition (see, e.g., [13]), we find

M-1
H;(z) = Z 2XHyp. (2M),
k=0

where H;x(2M) is the kth polyphase component of H;(z).
Similarly, the polyphase representation of the receiver is
found by performing the Type-1 polyphase decomposition

M-1
Fi(z) = Y Fu(z)z7%,
k=0

where Fy;(2M) is the kth polyphase component of F;(z).
3 H<* design

With the polyphase representation of the transmitter and
receiver as defined in previous section, the design of the

multiuser detector can be regarded as a special case of the
estimation problem formulation depicted in Figure 4. As

Vi
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Figure 4. Linear estimation formulation

denoted in-the figure, we shall allow for the delay d of the
detectors decision. The vectors {s;} and {y;} are obtained
by blocking transmitted and received signal, respectively.
For example, {s;} in Figure 4 is of the form '

- sm(3)]

S; = [sl(i) Sz(i)
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Let Tr(2) denotes the induced transfer matrix mapping the
unknown sequences {s;} and 0~ {v;} to the estimation er-
rors, that is,

Tr(z) = [z71 - F(2)H(z) —oF(z)], (1)

where g2 represents the intensity of the noise.
" The goal of H estimation is to choose a causal F(z) to
minimize the H* norm of Tr(z).

Definition 1 (The H* Norm) Let the - transfer matrix
T(2) maps the input sequence {u;} to the output sequence
{yi}. Then the H* norm of T(z) is defined as

T 2 sup 12 @

u€l?,u£0 ”“”2

where |lu)2 S 0 oo urw; and 12 denotes the Hilbert

space of all square-summable discrete-time signals.

In other words, the H* norm of a stable LTI system
is the square-root of its maximum energy gain (more pre-
cisely, its /2-induced norm). Applied to a multiuser detec-

“tion problem, we can state the design problem as follows:

Problem 1 (Optimal H°° Design) Given
polyphase transmitter matrix H(z), and a delay d > 0, ﬁnd
. a causal polyphase multiuser detector F(z) that solves for

E(St d— 8- d) (81 d—sl—d) A 2

FOtawy  SaSisi 025, vivi @
and find the resulting Yopt.

We should further remark that the frequency domam

charactenzatmn of the H* norm is given by

el = sup 2 [Tr(eH)] @
0<

where (-) denotes the maximum smgular value of its argu-
ment,

The optimal H* design with a causallty constraint in

" place is hard to solve and, unlike the noncausal case that we

just saw, closed-form expression for the causal H °°-optimal -

estimators are generally not available. The common ap-
proach is then to relax.the optimization condition and solve

for a related suboptimal estimation problem. We can state -

it in the filter bank context as follows:

Problem 2 (Suboptimal H* Design) Givena~ > 0, find.

a causal receiver polyphase matrix F(z) that guarantees
2721 = F(2)H(z) =0F(z)llo<7. (5
We notice that it must hold that vy > Yopt.

Note that the suboptimal H* problem is expressed as a
_ feasibility problem, rather than an optimization problem.
_ Hence, it turns out to be highly non-unique. This non-

uniqueness can be exploited by optimizing for some crite-

rion in addition to the H* constraint.

4 FIR detectors via convex optimization

In this section, we state the H* and mixed H2/H®™ op-
timal FIR detector design problem as a semidefinite pro-
gram. Let (A4, By, Cq, Dg) be the matrices in the state
space realization of the transfer function associated with
delay, z~¢, and (Ar, Br,Cr, Dr) be the matrices in the
state space realization of the transfer function of the detec-
tor, F(z). Further, denote

Ay 0 0 By
Ar = 0 Ag 0 |, Br= By i,
BprCy 0 Ap .-BpDyg
=[-DrCx Ca —CF], Dy = —DfrDpg.
©

Then we have the following result:

Lemma 1 (Bounded Real) Given any ‘tra_nsfer furiction

Tr(z) = Dt + Cr(zI — Ar)"'Br, we have
_ Trlw<v
if and only if the following LMI in X is feasible:
A§X Ar AZXBr 1}
BEXAr BIXBr-—+I <0 X>0
CT Dr —’YI ' ’
‘ O]

‘Notice that for a given transmitter matrix H(z), and a
given delay d, once we choose the order of F(z), the ma-
trices Ay ‘and Br are fixed. Thus, (7) is an LMI (linear
matrix inequality) in X, Ct and Dr (and hence in X and

- the filter weights of F'(z), since these appear linearly in Cp

and D7), and we can re-state the suboptimal H* problem
as the following semi-definite program (SDP):

Problem 3 (SDP formulation of the H>° design problem)
Given matrices Ar and By in the state- space realization of
Tr(z2), solve

min vy
X,Cr,Dr

subject to (7).

This SDP can be solved using efficient algorithms such as

7 - the primal-dual method ([14], [15]).

As we discussed at the end of the previous section, the
solution to the H® design problem is highly non-unique.
One way to remove this non-uniqueness is to optimize some
other criterion besides the H™ feasibility constraint. A nat-
ural choice for a criterion in a multiuser detection context is
to minimize the H? norm of the transfer matrix Tr(z), i.e.,
||TF||2. We notice that when T’ is a matrix, then

[ Tell2 = trace (TeTp)? .
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Thus the goal of unconstrained H? optimization in the fi-
nite horizon case is to minimize the Frobenius norm of the
matrix Tp. Introducing an H* constraint to the H? opti-
mization problem leads to the mixed H2/H® criterion.

Problem 4 (Mixed H?/H* design problem) Given v >
0, find a causal polyphase synthesis filter F(z) that min-
imizes the H? norm of the transfer function Tr(z) =
[z=4I - F(2)H(z) —oF(2)), subjectto the H™ norm of
Tr(z) being less than . In other words, find a causal F(z)
that satisfies

ming(;) [ Tr(z)l2
)]
subject to || Tr(2)]loo < ¥

Solution to the mixed H?/H ° problem has the best av-
erage performance among all filters achieving the same op-
timal v-level. We should also point out that the mixed es-
timator achieves the optimal H? performance whenever the
optimal H? estimator satisfies the H> bound.

In order to obtain a finite-dimensional SDP, we seek a
way to restate the problem of finding the optimal H2/H>.
solution in terms of its state-space representation. To this
end, assuming the state-space description of the transfer
function Tr(z) in (6), we first state a result on the represen-
tation of the H? norm as an LMI constraint in the following
lemma.

Lemma 2 (H2? Norm bound) Given any transfer function
Tr(z) = Dr + Cr(zI — AT)_IBT, it holds that

ITrlz < o

if and only if the following LMI in'Y and S is feasible:

A%-'YAT -Y A%YBT
[ BIYAr BIYBp-1|<°
Y o Cf
o I DI|>o0 9
Ccr Dy 8
Tr(S)—a? <0, Y >0.

‘We now use results of Lemma 2 and Lemma 3 to formu-
late the mixed H?2/H®™ optimization problem as a SDP in
state-space.

Problem 5 (SDP formulation of the H2/H problem)
The mixed H?/H®™ signal reconstruction problem (8) is
equivalent to the following SDP:

min o
Cr,Dr

subject to (7), (9) .

Notice that 7 in (7) must be feasible, i.e., we must have
Y 2 ||ITFlloc = Yopt. Moreover, as in the SDP formulation
of the pure H* optimization problem, fora given delay and
a given analysis filter length, the matrices Ar and B are
fixed and both (7) and (9) are LMIsin X, Y, S, o2, and Cr
and Dy (and hence in the filter weights of F(z), since Cp
and D are linear in these weights).

5 On recursive implementation

The recursive solution to the estimation problem allows
for an efficient implementation of the decision-feedback
detectors. To this end, consider the following state-space
model

Znt1 = Fzp+Gspya

]T

10
Yn+r = Pn,zn +Vvp ( )
where

2n = [sn Sn—~d+1]T, Vn = ['UnL UnL-L+1

0 0 0 1

I 0 0 0

F= 0 I 0 , G = 0 ,
0 0 0 0
P= [pn Pn-1 pi-d+1]T-

We are interested in finding filtered estimate of the state,
Znin- In the H? estimation problem, we would like to find
Zn|n such that the expected estimation error energy,

EZ(zn - 2'nln)‘(zn - 2n]n)

is minimized. The solution to this problem is well known
and given by the conditional mean of z; subject to the obser-
vation. For {s,} and {v,} independent, zero-mean Gaus-
sian random variables with known variances, Z,,|, is readily
found by means of the Kalman filter recursion.

In the H®® estimation problem, we would like to find, if
possible, set of solutions minimizing

|z — 2| 2
o TP+ Ve <" an

for some ¥ > y,p:. We point the reader to [16] for the con-
ditions for the existence of the estimators achieving (11) and
parameterization of all possible solutions. [There, a recur-
sive solution to the optimal mixed least-mean-squares/H*®
estimation problem is also stated.] Note that the computa-
tional complexity of the recursive H2 and H™ (as well as
the mixed least-mean-squares/H°° of [16]) optimal estima-
tors is of the same order, cubic in the size of the state vector.
When %y, is replaced by a decision obtained upon thresh-
olding, the recursive solution results in a decision-feedback
structure. ’
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6 Results and conclusion 31

We have simulated performance of the two-user system
with a model described in Section 2. The spreading se- [4]
quence of the length 4 is as in [17]. The channel is modeled
by frequency selective Rayleigh fading. The FIR detector
filters are of the length T = 6. -
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Figure 5. Performance comparison - -
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Figure 5 compares the average and worst-Case perfor- -

mances of the MMSE and H* optimal multiuser detectors.

- As it can be seen from the figure, MMSE optimal detec- - [12]

» tor outperforms H>® optimal detector on average. How-

- ever, under the worst-case scenario (which corresponds to

. the disturbances that have most of their frequency compo- [13)
nents at.frequencies where & [Tr(e?)] is large) the H™

- detectors clearly outperform the MMSE detector. ’

In summary, we have considered robust H® optimal'  [14]
techniques for the desigh of the multiuser detectors. Using
inherent non-uniqueness of the pure H* design problem,
we optimize in addition for an H? criterion. The FIR de- [15]
tectors allow for an efficient solution via semidefinite pro-
gramming. Issues that should further be pursued are regard--
ing computational complexity of the discussed algorithms:

- in the multiuser detection context. [16}
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