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ABSTRACT

Multiple antenna differential modulation using unitary ma-
trices requires no channel knowledge at the receiver, and so
is ideal for use on wireless links where channel tracking is
undesirable or infeasible, either because of rapid changes in
the channel characteristics or because of limited system re-
sources. Although this basic principle is well understood,
it is not known how to generate good-performing constel-
lations of unitary matrices, for any number of transmit and
receive antennas and especially at high rates. We propose a
class of Cayley codes that works with any number of anten-

nas, and allows for polynomial-time near-maximum-likelihood

decoding based on either successive nulling/cancelling or
sphere decoding. The codes use the Cayley transform, which
maps the highly nonlinear Stiefel manifold of unitary matri-
ces to the linear space of skew-Hermitian matrices. This
leads to a simple linear constellation structure in the Cay-
ley transform domain and to an information-theoretic de-
sign criterion based on emulating a Cauchy random matrix.
Simulations show that Cayley codes allow efficient and ef-
fective high-rate data transmission in multi-antenna com-
munication systems without knowing the channel.

1. INTRODUCTION AND MODEL

Multiple transmit and/or receive antennas promise high data
rates on scattering-rich wireless channels [1, 2]. Many of
the proposed schemes that achieve these high rates require
the propagation environment or channel to be known to the
receiver (see, e.g., [1, 3, 4, 5] and the references therein).
However, it is not always feasible to assume that the channel
is known to the receiver, especially when many antennas
are used or either end of the link is moving so fast that the
channel is changing very rapidly {6, 7].

Hence, there is much interest in space-time transmission
schemes that do not require either the transmitter or receiver
to know the channel. A standard method that avoids this in
single-antenna wireless channels is differential phase-shift
keying (DPSK) [8]. Recently, these differential techniques
have been generalized to the multi-antenna setting [9, 10,
11], where the transmitted signals form unitary matrices.
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Although this basic principle is well understood, it is not
known how to generate good-performing constellations of
unitary matrices that lend themselves to efficient encoding
and decoding, for any number of transmit and receive anten-
nas and especially at high rates. The main difficulty stems
from the highly non-linear search space of unitary matrices.
A design method which uses elements of group theory has
appeared in [12].

In this paper we propose a family of Cayley codes for
differential unitary space-time modulation. The Cayley codes
break the data stream into substreams which are used to pa-
rameterize the unitary matrices that are transmitted. The
codes work with any antenna configuration and:

1. Are very simple to encode

2. Can be used for any number of transmit and receive
antennas

3. Can be decoded in a variety of ways including sim-
ple polynomial-time linear-algebraic techniques such
as successive nulling and cancelling (V-BLAST [13,
14]) or sphere decoding [15, 16].

4. Satisfy a probabilistic criterion: they maximize an ex-
pected distance between matrix pairs

1.1. Differential Unitary Space-Time Modulation

A narrow-band, flat-fading, multi-antenna communication
system with M transmit and N receive antennas, which is
(roughly) constant for M channel uses, can be written as

X, = /pS,H + W,, )

where W, and H are M x N matrices of independent CA/(0, 1)
random variables, unknown to the receiver, and X , is the
M x N received complex signal matrix. In differential
unitary space-time modulation [9, 10] the transmitted ma-
trix, S, at block 7 satisfies the following so-called funda-
mental transmission equation S, = V,_S,_;, where 2, €
{0, ..., L -1} is the data to be transmitted. Since the chan-
nel is used M times, the corresponding transmission rate is
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R = (1/M)log, L. If we further assume that the propaga-
tion environment is approximately constant for 2\ consec-
utive channel uses, then we may write

X =pS:H+W, = pV,, S, 1H+W;
= I/z,Xr—l + W, — I/:'..,I/V‘r—l .
| —

w,
Note that H does not appear in the above equation. From
S; = V,,Sr-1 it is apparent that the matrices V; should be
unitary, otherwise the product S, = V, V,_ _,...V,, can
go to zero or diverge. Moreover, when V,_ is unitary the
additive noise term W, is statistically independent of V_
and so the maximum-likelihood (ML) decoder of 2 , is

2, =arg max || X, - VeX,_4]. )
£=0,...,L-1

In [9, 10] it is shown that the pairwise block probabil-
ity of error (of transmitting V, and erroneously decoding
V) behaves as | det(V, — Vi )| =2V, Therefore, most design
schemes [9, 10, 12, 17] have focused on finding a constel-
lation V = {Vy,...,Vp_1} of L = 2ME unitary M x M
matrices that maximizes ming., | det(Vy — Vpr)|. In gen-
eral, L can be quite large, which calls into question the fea-
sibility of computing and using this performance criterion.
The large number of signals also rules out the possibility of
decoding via an exhaustive search. To design constellations
that are huge, effective, and yet still simple, so that they can
be decoded in real-time, we must introduce some structure.

2. CAYLEY DIFFERENTIAL CODES

The space of M x M complex unitary matrices is referred to
as the Stiefel manifold and can be parameterized by M 2 real
free parameters. Possible parametrizations can be given in
terms of products of Givens rotations, Householder reflec-
tions [18], or through the exponential map [19]. We focus
on parametrization through the Cayley transform.

2.1. The Cayley transform

The Cayley transform of a complex M x M matrix Y is
(I+Y)"Y(I-Y)[18,20]. WithY = iA skew-Hermitian,

V =(I+iA)"Y(I - i4), 3)

is unitary. Thus, the Cayley transform expresses a unitary
matrix as a function of a skew-Hermitian matrix, which is
described by M? real parameters. This parameterization is
promising since it is one-to-one: iA = (I + V)~ }(I - V).

2.2. Cayley codes

Because the Cayley transform maps the nonlinear Stiefel
manifold to the linear space (over the reals) of skew-Hermitian

matrices (and vice-versa) it is convenient to encode data
onto a skew-Hermitian matrix and then apply the Cayley
transform to get a unitary matrix. It is most straightforward
to encode the data linearly. We call a Cayley Differential
(CD) code one for which each unitary matrix is

V= (I +iA)" (I - iA),

where the Hermitian matrix A is given by

Q
A=) 0,4, @
g=1
where ai,...,aq are real scalars (chosen from a set A,

with r possible values) and where A, are fixed M x M
complex Hermitian matrices. The code is completely deter-
mined by the set of Ay,..., Ag Hermitian basis matrices.
Each individual codeword, on the other hand, is determined
by our choice of the scalars a,...,ag. The transmission
rate is clearly R = (Q /M) log, r.

2.3. Decoding the CD codes

An important property of the CD codes is the ease with
which the receiver may form a system of linear equations
in the variables {a,}. To see this, we write the ML decoder
(2) using the Cayley transform,

2

Gy = arg min
i {aq}

1
(I+iA)_l (Xr “‘Xr—l - ;A(X-r +X‘r—1))

This decoder is not quadratic in {a4} and so may be dif-
ficuit to solve. However, if we ignore the covariance of the

additive noise term (I + A?)~!, then we obtain the “lin-

earized ML” decoder
2

L]

&)
so called because the system of equations obtained in solv-
ing (5) for unconstrained {a,} is linear. This implies that
a simple approximate solution for {a,} can use nulling and
cancelling. An exact solution can use sphere decoding [15,
16]. For reasonable rates and SNR, both methods require
0O(Q?) computations. Simulation results show that the penalty
for solving (5) is small, especially when weighed against the
complexity of exact ML.

Nulling and cancelling explicitly requires that the num-
ber of equations be at least as large as the number of un-
knowns and sphere decoding benefits from this, since it re-
duces the computations. Looking at the linear equation ob-
tained from (5) suggests that we have 2M N real equations
and @ real unknowns. However, due to the Hermitian con-
straints not all 2M N equations are independent. A careful
analysis yields the following result.

Q
1
Xr— X1 — ; Zanq(Xr +X'r—1)

@jjp = arg min
{aq} q=1

Theorem 1 (Number of equations) The number of indepen-
dent equations obtained from (5) is K(2M — K), where
K = min(M, N). Therefore, we require @ < K(2M —K).

III - 2210



2.4. Design of the CD Codes

We introduced the CD structure (4) and showed how to
choose @@ according to Thm.1. What remains is to design
the Hermitian basis matrices Ay,..., Ag and choose the
discrete set 4, from which the a4 are drawn.

If the rates being considered are reasonably small then
maximizing | det(V, — V4| for all £' # £ may be tractable.
At high rates, however, the criterion becomes intractable be-
cause of the number of matrices involved, and the perfor-
mance of the constellation may not be governed so much by
its worst-case pairwise | det(V; — V)|, but rather by how
well the matrices are distributed over the space of unitary
matrices. The optimal distribution is given below.

Theorem 2 The mutual information between the unitary ma-
trix V and (X1, X;) in the differential scheme

XT——] _ Sr—l WT—I
e vl [N @
where Sp 1 =V, _ V.. _, ..., and where H, W,_1, and

W, are M x N matrices with independent CN (0, 1) entries,
is maximized when 'V is isotropically distributed.

An isotropically-distributed unitary matrix is one whose
probability density function is invariant to pre- and post-
multiplication by an arbitrary unitary matrix [21, 22]. In the
Cayley transform domain Thm. 2 translates to the following.

Theorem 3 The unitary matrix V.= (I +iA) "1 (I —iA) is
isotropically-distributed if and only if the Hermitian matrix
A has the matrix Cauchy distribution

M*-M(pf — 1)1 1 1
p(4) = T M(M¥1)/2 det(I + AZ)M"

)

(7) is the matrix generalization of the familiar scalar
Cauchy distribution, which can be regarded as the random
variable tan(8/2), with § uniform on [0, 27]. Theorem 3
implies that, at high rates, our CD code constellation should
resemble samples from a Cauchy random matrix distribu-
tion. Drawing upon implications from the scalar case M =
1, we propose to choose the set A, as the r-point discretiza-
tion of a scalar Cauchy random variable. In other words, we
choose A, as the image of the function tan(f/2) applied
to the set & € {x/r,3w/r,5n/r,...,(2r — )w/r}. Thus,
Ay = {-1,1}, Ay == {-2.41,-0.41,0.41,2.41}, As =
{-5.03,-1.50,-0.67, —0.20, 0.20,0.67, 1.50, 5.03},and so
on. Note the points rapidly spread themselves out as r in-
creases, reflecting the long tail of the Cauchy distribution.

Finally, we propose to choose the basis matrices such
that the resulting A emulates samples of a Cauchy random
matrix, or equivalently V' emulates samples of an isotropi-
cally unitary matrix. For this we use the following result.

Theorem 4 Let V and V' be independent M x M random
unitary matrices with distribution py (-). Then

1
M

with equality when py (-) is the isotropic distribution.

E logdet(V — V')(V — V')* <0, ®)

This implies that the cost function in (8) is maximized
by the isotropically random distribution. We therefore pro-
pose to choose Aj, ..., Ag to maximize this cost function.
After some algebra, this leads to

2 1
—ZE logdet(I + A%2)+ —E| th2],
arg " og det( +> )+M ogde

®
where A = Z,,Q=1 A, and the expectation is over o, . . .
chosen independently from a Cauchy distribution. This op-
timization may be performed numerically using gradient-
ascent methods along with Monte Carlo simulation.

max
Ag=A3,0=1,...,Q

3. SIMULATION RESULTS

Fig. 1 compares the BER performance ofa M = N = 2
CD code at rate R = 6, decoded via sphere decoding, ver-
sus a rate R = 6 orthogonal design from [11]. The superior
performance of the CD code is clear. Fig. 2 compares the
BER and BLER performances of sphere decoding versus
ML decoding fora M = 4, N = 2, R = 4 CD code. The
performance loss is not significant and well worth the com-
putational savings over an exhaustive ML search. Finally,
Fig. 3 shows the drastic improvement of sphere decoding
over nulling and cancelling foran M = N =4, R=8CD
code. In this example the computational complexity of both
methods was comparable.
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Fig. 1. M = N = 2, R = 6. Solid: CD code with sphere
decoding. Dashed: orthogonal design with ML decoding.

Fig. 2. M = 4, N = 2, R = 4. Solid: sphere decoding. Dashed:
ML decoding.
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Fig. 3. M = N = 4, R = 8. Solid: sphere decoding. Dashed:
Nulling and cancelling.
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