INDEFINITE METRIC SPACES IN ESTIMATION, CONTROL AND ADAPTIVE FILTERING

a dissertation submitted to the department of electrical engineering and the committee on graduate studies of stanford university in partial fulfillment of the requirements for the degree of doctor of philosophy

By Babak Hassibi August 1996

cfl Copyright 1996_{by}

Babak Hassibi

I certify that I have read this thesis and that in my opinion it is fully adequate, in scope and in quality, as a dissertation for the degree of Doctor of Philosophy.

Thomas Kailath (Principal Adviser)

I certify that I have read this thesis and that in my opinion it is fully adequate, in scope and in quality, as a dissertation for the degree of Doctor of Philosophy.

Stephen P. Boyd

I certify that I have read this thesis and that in my opinion it is fully adequate, in scope and in quality, as a dissertation for the degree of Doctor of Philosophy.

Ali H. Sayed

I certify that I have read this thesis and that in my opinion it is fully adequate, in scope and in quality, as a dissertation for the degree of Doctor of Philosophy.

Nick W. McKeown

Approved for the University Committee on Graduate Studies:

Dean of Graduate Studies

Abdol

Abstract

The goal of this thesis is two-fold: first, to present a unified mathematical framework (based upon optimization in indefinite metric spaces) for a wide range of problems in estimation and control, and second, to motivate and introduce the problem of robust estimation and control, and to study its implications to the area of adaptive signal processing.

Robust estimation (and control) is concerned with the design of estimators (and controllers) that have acceptable performance in the face of model uncertainties and lack of statistical information, and can be considered an outgrowth and extension of (the now classical) LQG theory, developed in the 1950’s and 1960’s, which assumed perfect models and complete statistical knowledge. It has particular significance in adaptive signal processing where one needs to cope with time-variations of system parameters and to compensate for lack of a priori knowledge of the statistics of the input data and disturbances. One method of addressing the above problem is the so-called H^∞ approach, which was introduced by G. Zames in 1980 and that has been recently solved by various authors.

Despite the “fundamental differences” between the philosophies of the H^∞ and LQG approaches to control and estimation, there are striking “formal similarities” between the controllers and estimators obtained from these two methodologies. In an attempt to explain these similarities, we shall describe a new approach to H^∞ estimation (and control), different from the existing (e.g., interpolation-theoretic-based, game-theoretic-based, etc.) approaches, that is based upon setting up estimation (and control) problems, not in the usual Hilbert space of random variables, but in an indefinite (so-called Krein) space.

The Krein space formulation provides a unified approach for problems in LQG, H^∞, risk-sensitive, and game-theoretic, estimation and control, and, most importantly, allows one to use the insight obtained from over three decades of work in traditional LQG theory to obtain new results in these other areas. Proceeding in this spirit, we demonstrate how to generalize the (possibly) numerically superior square-root algorithms and the fast Chandrasekhar algorithms to the H^∞ setting, and embark on some new investigations on the asymptotic behaviour of H^∞ filters and controllers, and on the existence and properties of solutions of Riccati equations with (possibly) indefinite coefficient matrices.

We also study adaptive filtering using the H^∞ approach to robust estimation and show that the celebrated LMS (least-mean squares) adaptive algorithm is H^∞- optimal. This result solves the long standing issue of finding a rigorous basis for LMS (which was long thought to be an approximate least-squares solution). It also suggests some further ramifications, such as the design of robust adaptive filters with more desirable tracking properties, as well as some directions for further research, such as the mixed H^2/H^∞ problem.

Acknowledgements

The work presented in this thesis would not have been possible without the support, influence and encouragement of numerous individuals — mentors, colleagues, friends and family — that I have had the great fortune of interacting with during my five year stay at Stanford. And so, this is now an opportunity to acknowledge, in indeed a very small way, my debt to all these persons.

First, and foremost, I would like to express my deep gratitude to my advisor and mentor, Professor Thomas Kailath, for constant and generous, support, encouragement and guidance; not only in technical matters, where the depth of his knowledge is truly profound, but also in nontechnical matters, and in the inevitable ups and downs that occur during any such PhD endeavor. His provocative questions, thoughtful discussions, and careful comments and criticisms, have greatly influenced my thought, and are reflected throughout the presentation of this thesis. I am also grateful for the opportunities he has provided for me to interact with other distinguished researchers, both in this country and abroad.

I would also like to thank Professor Stephen Boyd for serving as my associate advisor, for being on my orals and reading committees, and, especially, for some of the most stimulating courses that I have attended at Stanford. His clarity and style in presenting technical material is something that I have always admired and wished to emulate. I am also grateful to Professor Ali Sayed for serving on my orals and reading committees. During my second, and unquestionably most technically productive, year at Stanford I had the great fortune of closely interacting with Ali, and so, many of the results presented in this thesis are joint work with him. I am also grateful to Professor Nick McKeown for serving on my orals and reading committees, despite what must certainly have been a very busy schedule, and for venturing to read a dissertation in an area quite removed from his research interests.

Special thanks are due to Professors Pramod Khargonekar and David Limebeer for very useful comments and discussions on the initial stages of this work, to Professors Lennart Ljung and Karl Astrom for critical discussions on the results of Chapter 9, and to Professors Patrick Dewilde, Jan Willems, Bill Helton and James Rovnyak for their valuable comments and feedback on many of the results of this thesis.

Special thanks are also due to Professor Arogyaswami Paulraj for many useful discussions and interesting seminars, and so also to Drs. Guanghan Xu, Lang Tong, Young Man Cho, Buno Pati, Allejan Van der Veen and Vadim Olshevsky.

I am greatly indebted to my former and current office-mates in Durand 105B, Hamid Aghajan, Tibor Boros, Babak Khalaj, Poogyeon Park and Greg Raleigh for creating a friendly and stimulating work atmosphere, and for many (often late night) discussions, and also to my other dear friends in ISL, especially, Jalil Kamali and Bijit Halder. I also gratefully acknowledge the efficient assistance, help and patience of Christine Lincke and Karen Ariente.

I am also very grateful to Drs. David Stork and Peter Hart, and Greg Wolf, of the Ricoh California Research Center, where I spent a Summer internship in 1992, for stimulating discussions on the topic of neural networks, and for much encouragement during my first few years at Stanford. I also had the great fortune of spending a very fruitful stay at the Indian Institute of Science at Bangalore, India, and so would like to gratefully acknowledge the warm hospitality of Professor V.U. Reddy, and the graduate students (now dispersed across the globe), of the Electrical and Communications Department at that institute.

My many friends in the Stanford community have also had an important, albeit indirect, influence on the development of this thesis. I am especially grateful to Masoud Zargari, Mehrdad Heshami, Babak Ebrahimian, Rasool Khadem, Hossein Sedarat, Behnam Tabrizi, Hadi Taheri and Behfar Razavi.

My deepest gratitude, love and affection belong, of course, to my parents Jamshid and Farzaneh, to whom, as I begin to realize more and more each year, I owe all that I am and all that I have ever accomplished. And so to my brother Arash, with whom

I have had the great fortune of being reunited at Stanford during the past two years, to my brother Arjang, and to the memory of my late grandfather, Kazem Hassibi, who has been the greatest inspiration in education for us all. My deep gratitude also goes to my uncles, Drs. Hossein Naraghipour, Houshang Hassibi and Khosrow Hassibi, who have helped to make possible my education in the US. And for my dear wife, Faranak, whose love, care and patience have inspired and supported me over the years, both when we were on opposite sides of the globe, and now that we here are together, my gratitude is beyond words.

Finally, I should mention that, since childhood, I was always impressed by the dedication on the first page of my father’s 1975 PhD thesis, and so am honored to follow in his footsteps, and to dedicate this thesis to “those who support education at all levels for all”.

Contents

Abstract v

Acknowledgements vii

1 Introduction 1 1.1 Some Historical Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 A Basic Estimation Problem . . . . . . . . . . . . . . . . . . . . . . . 7 1.2.1 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 The H^2 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.3.1 The General Solution . . . . . . . . . . . . . . . . . . . . . . . 13 1.3.2 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.3.3 The Question of Robustness . . . . . . . . . . . . . . . . . . . 22 1.4 The H^∞ Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.4.1 The General Solution . . . . . . . . . . . . . . . . . . . . . . . 25 1.4.2 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 1.5 Control Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 1.5.1 Full Information Control . . . . . . . . . . . . . . . . . . . . . 39 1.5.2 Measurement Feedback Control . . . . . . . . . . . . . . . . . 42 1.5.3 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 1.6 The H^2 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 1.6.1 Connections to LQR and LQG Control . . . . . . . . . . . . . 47 1.6.2 The Full Information Solution . . . . . . . . . . . . . . . . . . 49 1.6.3 The Measurement Feedback Solution . . . . . . . . . . . . . . 50

1.6.4 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 1.6.5 The Question of Robustness . . . . . . . . . . . . . . . . . . . 63 1.7 The H^∞ Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 1.7.1 The Full Information Solution . . . . . . . . . . . . . . . . . . 68 1.7.2 The Measurement Feedback Solution . . . . . . . . . . . . . . 69 1.7.3 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 1.8 Other Approaches to Estimation and Control . . . . . . . . . . . . . 86 1.9 Scope and Contributions of Thesis . . . . . . . . . . . . . . . . . . . . 90

2 Linear Estimation in Krein Spaces 98 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 2.1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 2.2 Motivation for Indefinite Metric Spaces . . . . . . . . . . . . . . . . . 102 2.2.1 H^∞ Filtering and Control . . . . . . . . . . . . . . . . . . . . 103 2.2.2 The KYP Lemma . . . . . . . . . . . . . . . . . . . . . . . . . 104 2.3 On Krein Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 2.3.1 A Geometric Interpretation . . . . . . . . . . . . . . . . . . . 116 2.4 Projections in Krein Spaces . . . . . . . . . . . . . . . . . . . . . . . 118 2.4.1 Vector-Valued Projections . . . . . . . . . . . . . . . . . . . . 120 2.5 Projections and Quadratic Forms . . . . . . . . . . . . . . . . . . . . 122 2.5.1 Stochastic Minimization Problems in Hilbert and Krein Spaces 122 2.5.2 A Partially Equivalent Deterministic Problem . . . . . . . . . 127 2.5.3 Alternative Inertia Conditions for Minima . . . . . . . . . . . 130 2.6 State-Space Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 2.6.1 The Conditions for a Minimum . . . . . . . . . . . . . . . . . 137 2.7 Recursive Formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 2.7.1 The Krein Space Kalman Filter . . . . . . . . . . . . . . . . . 141 2.7.2 Recursive State-Space Estimation and Quadratic Forms . . . 145 2.8 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 2.A Proof of the Time-Variant KYP Lemma . . . . . . . . . . . . . . . . 152 2.A.1 Statement of the Lemma . . . . . . . . . . . . . . . . . . . . 152

2.A.2 Computation of the Output Gramian . . . . . . . . . . . . . . 153 2.A.3 An Equivalence Class for the Input Gramians . . . . . . . . . 157 2.A.4 The Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 2.A.5 Geometric Interpretation . . . . . . . . . . . . . . . . . . . . . 163

3 Finite Horizon H^∞ Filtering 169 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 3.2 H^∞ Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 3.2.1 Formulation of the H^∞ Filtering Problem . . . . . . . . . . . 171 3.2.2 Solution of the Suboptimal H^∞ Filtering Problem . . . . . . . 175 3.3 Derivation of the H^∞ Filters . . . . . . . . . . . . . . . . . . . . . . . 178 3.3.1 The Suboptimal H^∞ Problem and Quadratic Forms . . . . . 179 3.3.2 A Krein Space State-Space Model . . . . . . . . . . . . . . . 181 3.3.3 Proof of Theorem 3.2.1 . . . . . . . . . . . . . . . . . . . . . 182 3.3.4 Parametrization of All H^∞ A Posteriori Filters . . . . . . . . 187 3.3.5 Derivation of the A Priori H^∞ Filter . . . . . . . . . . . . . . 190 3.3.6 All H^∞ A Priori Filters . . . . . . . . . . . . . . . . . . . . . 197 3.4 The H^∞ Smoother . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198 3.5 l-step H^∞ Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

4 Further Applications 212 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212 4.2 Risk-Sensitive Estimation . . . . . . . . . . . . . . . . . . . . . . . . 215 4.2.1 The Exponential Cost Function . . . . . . . . . . . . . . . . . 215 4.2.2 Minimizing the Risk-Sensitive Criterion . . . . . . . . . . . . . 217 4.2.3 Risk-Sensitive Control . . . . . . . . . . . . . . . . . . . . . . 225 4.3 Quadratic Dynamic Games . . . . . . . . . . . . . . . . . . . . . . . . 226 4.3.1 General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 227 4.3.2 Specific Examples . . . . . . . . . . . . . . . . . . . . . . . . . 232 4.4 Finite Memory Adaptive Filtering . . . . . . . . . . . . . . . . . . . . 236 4.4.1 The Standard Problem . . . . . . . . . . . . . . . . . . . . . . 236

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240

5 Square-Root Arrays and Chandrasekhar Recursions 242 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 5.2 H^2 Square-Root Array Algorithms . . . . . . . . . . . . . . . . . . . 245 5.3 H^∞ Square-Root Array Algorithms . . . . . . . . . . . . . . . . . . . 248 5.3.1 The General Case . . . . . . . . . . . . . . . . . . . . . . . . . 249 5.3.2 The Central Filters . . . . . . . . . . . . . . . . . . . . . . . . 260 5.4 H^2 Chandrasekhar Recursions . . . . . . . . . . . . . . . . . . . . . . 265 5.5 H^∞ Chandrasekhar Recursions . . . . . . . . . . . . . . . . . . . . . 269 5.5.1 The General Case . . . . . . . . . . . . . . . . . . . . . . . . . 269 5.5.2 The Central Filters . . . . . . . . . . . . . . . . . . . . . . . . 275 5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

6 Duality and Control 278 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 6.2 An Alternative Scalar Quadratic Form . . . . . . . . . . . . . . . . . 280 6.3 Dual Bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282 6.3.1 Algebraic Specification . . . . . . . . . . . . . . . . . . . . . . 283 6.3.2 Geometric Specification . . . . . . . . . . . . . . . . . . . . . 284 6.3.3 Linear Models . . . . . . . . . . . . . . . . . . . . . . . . . . 288 6.4 A Pair of Duality and Equivalence Relationships . . . . . . . . . . . . 291 6.4.1 General Equivalence and Duality Relationships . . . . . . . . 291 6.5 Dual State-Space Models . . . . . . . . . . . . . . . . . . . . . . . . . 295 6.5.1 The Backwards Dual Model . . . . . . . . . . . . . . . . . . . 295 6.5.2 The Forwards Dual Model . . . . . . . . . . . . . . . . . . . . 301 6.5.3 The Mixed Dual Model . . . . . . . . . . . . . . . . . . . . . 305 6.6 Application to Smoothing . . . . . . . . . . . . . . . . . . . . . . . . 308 6.6.1 Two-Filter Formulae . . . . . . . . . . . . . . . . . . . . . . . 308 6.7 The LQR Control Problem . . . . . . . . . . . . . . . . . . . . . . . . 311 6.7.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . 312 6.7.2 Solution Based on Duality . . . . . . . . . . . . . . . . . . . . 313

6.8 Full Information H^∞ Control . . . . . . . . . . . . . . . . . . . . . . 319 6.8.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . 320 6.8.2 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321 6.9 Measurement Feedback H^∞ Control . . . . . . . . . . . . . . . . . . . 328 6.9.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . 328 6.9.2 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 330 6.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

7 Infinite Horizon Results 340 7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 341 7.2 The Discrete-time Algebraic Riccati Equation . . . . . . . . . . . . . 343 7.3 Properties of the Popov Function . . . . . . . . . . . . . . . . . . . . 344 7.3.1 Factorization of the Popov Function . . . . . . . . . . . . . . . 350 7.4 A General Existence Result . . . . . . . . . . . . . . . . . . . . . . . 356 7.5 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366 7.5.1 The Case of R > 0 and Q − SR^{−1}S^∗ > 0 . . . . . . . . . . . . 366 7.5.2 The Case of Nonsingular F − GSR^{−1}H . . . . . . . . . . . . . 370 7.5.3 The Case of Positive Q − SR^{−1}S^∗ . . . . . . . . . . . . . . . 371 7.6 The Hamiltonian Matrix . . . . . . . . . . . . . . . . . . . . . . . . . 378 7.6.1 The Case of Nonsingular F . . . . . . . . . . . . . . . . . . . 379 7.6.2 The Case of Singular F . . . . . . . . . . . . . . . . . . . . . . 384 7.7 Some Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385 7.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393 7.A Structure of Z_1 in Theorem 7.4.1 . . . . . . . . . . . . . . . . . . . . 394

8 Asymptotic Behaviour 397 8.1 The Riccati Recursion . . . . . . . . . . . . . . . . . . . . . . . . . . 398 8.2 Overview of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 399 8.3 Solutions to the Riccati Recursion for Different Initial Conditions . . 401 8.4 Some General Convergence Results . . . . . . . . . . . . . . . . . . . 405 8.5 Convergence of the Riccati Recursion with Zero Initial Condition . . 409 8.5.1 The Case of R > 0 and Q − SR^{−1}S^∗ > 0 . . . . . . . . . . . . 409

8.5.2 The Case of Positive Q − SR^{−1}S^∗ . . . . . . . . . . . . . . . . 410 8.6 Convergence of the Riccati Recursion with Arbitrary P_0 . . . . . . . . 415 8.6.1 The Dual Riccati Recursion . . . . . . . . . . . . . . . . . . . 416 8.7 Conditions on P_0 for Convergence . . . . . . . . . . . . . . . . . . . . 420 8.7.1 The Case Positive Case: R > 0 and Q − SR^{−1}S^∗ > 0 . . . . . 420 8.7.2 The Case of Q − SR^{−1}S^∗ > 0 . . . . . . . . . . . . . . . . . . 427 8.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433 8.A Finite-Horizon H^∞ Problems . . . . . . . . . . . . . . . . . . . . . . 435 8.B Proof of Lemma 8.6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 439 8.C Some Global Expressions . . . . . . . . . . . . . . . . . . . . . . . . . 442 8.C.1 Alternative Proof of Lemma 8.6.3 . . . . . . . . . . . . . . . . 444 8.C.2 Alternative Proof of Lemma 8.3.2 . . . . . . . . . . . . . . . . 445

9 H^∞ Optimality of the LMS Algorithm 447 9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 448 9.2 Adaptive Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 450 9.2.1 Least-Squares Methods . . . . . . . . . . . . . . . . . . . . . . 451 9.2.2 Gradient-Based Methods . . . . . . . . . . . . . . . . . . . . . 452 9.2.3 The Question of Robustness . . . . . . . . . . . . . . . . . . . 453 9.3 The H^∞ Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 453 9.3.1 Formulation of the H^∞ Adaptive Filtering Problem . . . . . . 454 9.4 State-Space H^∞ Estimation . . . . . . . . . . . . . . . . . . . . . . . 455 9.4.1 Formulation of the State-Space H^∞ Problem . . . . . . . . . . 456 9.4.2 The H^∞ Filters . . . . . . . . . . . . . . . . . . . . . . . . . 458 9.5 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461 9.5.1 The Normalized LMS Algorithm . . . . . . . . . . . . . . . . 462 9.5.2 The LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . . 464 9.6 An Illustrative Example . . . . . . . . . . . . . . . . . . . . . . . . . 466 9.6.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 470 9.7 All H^∞ Adaptive Filters . . . . . . . . . . . . . . . . . . . . . . . . . 471 9.8 Risk-Sensitive Optimality . . . . . . . . . . . . . . . . . . . . . . . . 473

9.8.1 The Exponential Cost Function . . . . . . . . . . . . . . . . . 474 9.8.2 Risk-sensitive Adaptive Filtering . . . . . . . . . . . . . . . . 476 9.9 Further Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477 9.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479 9.A A First Principles Proof of the H^∞ Optimality of LMS . . . . . . . . 481 9.A.1 The Normalized LMS Algorithm . . . . . . . . . . . . . . . . . 481 9.A.2 The LMS Algorithm . . . . . . . . . . . . . . . . . . . . . . . 482

10 Robustness of Least-Squares Estimators 484 10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 485 10.2 A General H^∞ Bound . . . . . . . . . . . . . . . . . . . . . . . . . . 486 10.3 Proof of the Upper Bounds . . . . . . . . . . . . . . . . . . . . . . . . 490 10.4 Proof of the Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . 494 10.5 RLS Adaptive Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . 498 10.5.1 An Alternative Lower Bound . . . . . . . . . . . . . . . . . . 502 10.5.2 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502 10.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 503

11 H^∞ Adaptive Filtering 505 11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 506 11.2 Full Weight Vector Estimation . . . . . . . . . . . . . . . . . . . . . . 508 11.3 Time-Variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 511 11.3.1 Exponentially-Windowed Adaptive Filtering . . . . . . . . . . 511 11.3.2 Finite-Memory Adaptive Filtering . . . . . . . . . . . . . . . . 515 11.3.3 General Time-Variation . . . . . . . . . . . . . . . . . . . . . 517 11.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 520 11.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 521

12 Conclusions and Future Work 522 12.1 Various Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 522 12.2 Mixed H^2/H^∞ Estimation and Control . . . . . . . . . . . . . . . . . 526

Bibliography 529

List of Tables

6.1 General equivalences and dualities. . . . . . . . . . . . . . . . . . . . 293 11.1 The H^∞ algorithms. . . . . . . . . . . . . . . . . . . . . . . . . . . . 521 11.2 The H^2 algorithms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 521

List of Figures

1.1 A general estimation problem. . . . . . . . . . . . . . . . . . . . . . . 7 1.2 The model for adaptive filtering. . . . . . . . . . . . . . . . . . . . . . 10 1.3 The full information control problem. . . . . . . . . . . . . . . . . . . 40 1.4 The measurement feedback control problem. . . . . . . . . . . . . . . 42 1.5 A plant with modeling error. . . . . . . . . . . . . . . . . . . . . . . . 64 1.6 The robust stabilization problem. . . . . . . . . . . . . . . . . . . . . 65

2.1 3-dimensional Minkowski space . . . . . . . . . . . . . . . . . . . . . 117 2.2 The projection ẑ = k^∗_o y stationarizes the error Gramian P (k) = ⟨z − k^∗y, z − k^∗y⟩ over all k^∗y ∈ L{y}. . . . . . . . . . . . . . . . . . . . . 125 2.3 Mapping from input space to output space. . . . . . . . . . . . . . . . 165 2.4 Decomposition of positive vectors. . . . . . . . . . . . . . . . . . . . . 168

3.1 Transfer matrix from disturbances to filtered and predicted estimation errors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

4.1 Comparison of risk neutral and risk-averse cost functions. . . . . . . . 217 4.2 Sliding window with varying window length. . . . . . . . . . . . . . . 237

5.1 Standard rotations vs. hyperbolic rotations. . . . . . . . . . . . . . . 253

6.1 Dual bases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285 6.2 H^∞ control with measurement feedback. . . . . . . . . . . . . . . . . 329

9.1 The model for adaptive filtering. . . . . . . . . . . . . . . . . . . . . . 451

9.2 Transfer operator from the unknown disturbances {μ^{−1/2}(w−ŵ_{|−1}), {v_j}^∞_{j=0}} to the prediction errors {e_{p,j}}^∞_{j=0}. Likewise for T_f (F). . . . . . . . . . 455 9.3 Transfer matrices from disturbances to filtered and predicted estimation errors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 457 9.4 Maximum singular value of transfer operators T_{lms,N} (μ) and T_{rls,N} (μ) as a function of N for the values μ = .9 and μ = 1.5. . . . . . . . . . 468 9.5 Worst case disturbances and the corresponding predicted errors for RLS and LMS. (a) The solid line represents the uncorrupted output h_ix_i and the dashed line represents the worst case RLS disturbance. (b) The dashed line and the dotted line represent the RLS and LMS predicted errors, respectively, for the worst case RLS disturbance. (c) The solid line represents the uncorrupted output h_ix_i and the dashed line represents the worst case LMS disturbance. (d) The dashed line and the dotted line represent the RLS and LMS predicted errors, respectively, for the worst case LMS disturbance. . . . . . . . . . . . . 469 9.6 The criterion (9.8.7) is termed risk averse (or pessimistic) since the cost function exp(C_p/2) is very large for large values of C_p. Hence we are more concerned with the occasional occurrence of large values of C_p than with the frequent occurrence of moderate ones. This fact corresponds well with the intuition gained from the H^∞ optimality of the LMS algorithm. We have also plotted C_p/2 (the dashed line) to compare the two cost functions, since the RLS algorithm minimizes the expected value of C_p/2. . . . . . . . . . . . . . . . . . . . . . . . 477

10.1 H^∞ norm of RLS as a function of the number of data points and as a function of μ. The upper and lower bounds of Theorem 10.5.1 and Lemma 10.5.1 are given by the horizontal lines. As can be seen from the figures, in this example, the lower bounds of Lemma 10.5.1 seem quite accurate for large μ. . . . . . . . . . . . . . . . . . . . . . . . . 503

12.1 Singular values for T_{p,rls} and T_{p,lms} for N = 50 and μ = .9. . . . . . . 527