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Abstract

In [1], the idea of of space-time coding devised for multiple-antenna systems is applied to the problem of
communication over a wireless relay network, a strategy called distributed space-time coding, to achieve the
cooperative diversity provided by antennas of the relay nodes. In this paper, we extend the idea of distributed
space-time coding to wireless relay networks with multiple-antenna nodes and fading channels. We show
that for a wireless relay network with M antennas at the transmit node, /V antennas at the receive node, and a
total of R antennas at all the relay nodes, provided that the coherence interval is long enough, the high SNR
pairwise error probability (PEP) behaves as (%)min{M’N}R if M # N and (%)MR if M = N,
where P is the total power consumed by the network. Therefore, for the case of M # N, distributed
space-time coding achieves the same diversity as decode-and-forward without any rate constraint on the
transmission. For the case of M = N, the penalty is a factor of logl/ M p which, compared to P, becomes
negligible when P is very high. We also show that for a fixed total transmit power across the entire network,

the optimal power allocation is for the transmitter to expend half the power and for the relays to share the

other half with the power used at every relay proportional to the number of antennas it has.

1 Introduction

It is known that multiple antennas can greatly increase the capacity and reliability of a wireless communication

link in a fading environment using space-time coding [2, 3, 4, 5]. Recently, with the increasing interest in ad hoc
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networks, researchers have been looking for methods to exploit spatial diversity using the antennas of different
users in the network [6, 7, 8, 9, 10, 11, 1]. In [8], the authors exploit spatial diversity using the repetition-
based and space-time cooperative algorithms. The mutual information and outage probability of the network
are analyzed. However, in their model, the relay nodes need to decode their received signals. In [9], a network
with a single relay under different protocols is analyzed and second order spatial diversity is achieved. In [10],
the authors use space-time codes based on the Hurwitz-Radon matrices and conjecture a diversity factor around
R/2 from their simulations. Also, the simulations in [11] show that the use of Khatri-Rao codes lowers the
average bit error rate.

This work follows the strategy of [1], where the idea of space-time coding devised for multiple-antenna
systems is applied to the problem of communication over a wireless relay network.! In [1], the authors consider
wireless relay networks in which every node has a single antenna and the channels are fading, and use a cooper-
ative strategy called distributed space-time coding by applying a linear dispersion space-time code [12] among
the relays. It is proved that without any channel knowledge at the relays, a diversity of R <1 — lﬂi{TOg})]D) can be
achieved, where R is number of relays and P is the total power consumed in the whole network. This result is
based on the assumption that the receiver has full knowledge of the fading channels. Therefore, when the total
transmit power P is high enough, the wireless relay network achieves the diversity of a multiple-antenna sys-
tem with R transmit antennas and one receive antenna, asymptotically. That is, antennas of the relays work as
antennas of the transmitter although they cannot fully cooperate and do not have full knowledge of the transmit
signal. Compared with the other widely used cooperative strategy, decode-and-forward, since no decoding is
needed at the relays, distributed space-time coding saves both time and energy, and more importantly, there is
no rate constraint on the transmission.

In this paper, we extend the idea of distributed space-time coding to wireless relay networks whose nodes
have multiple antennas, and analyze the achievable diversity. As in [1], the focus of this paper is on the pairwise
error probability (PEP) analysis. We investigate the achievable diversity gain in a wireless relay network by
having the relays cooperate distributively. By diversity gain, or diversity in brief, we mean the negative of the
exponent of the SNR or transmit power in the PEP formula at the high SNR regime. This definition is consistent

with the diversity definition in multiple-antenna systems [5, 13]%. It determines how fast the PEP decreases with

' Although having the same name, the distributed space-time coding idea in [1] is different from that in [8]. Similar ideas for

networks with one and two relays have appeared in [9, 11].

log PEP
log P

*However, this definition is different from the formal diversity definition, — lim p_. oo given in [14]. It is more precise

in the sense that it can describe the PEP behavior in more detail. For example, it PEP ~ Pt (P the same diversity ¢ will be



the SNR or transmit power.

We use the same two-step transmission method in [1, 15, 16], where in one step the transmitter sends signals
to the relays and in the other the relays encode their received signals into a linear dispersion space-time code
and transmit to the receiver. For a wireless relay network with M antennas at the transmitter, /N antennas at the

receiver, and a total of R antennas at all the relay nodes, our work shows that when the coherence interval is

long enough, a diversity of min{ M, N} R, if M # N,and MR ( — % lolgo g’lgjp ) ,if M = N can be achieved,

where P is the total power used in the network. With this two-step protocol, it is easy to see that the error
probability is determined by the worse of the two steps: the transmission from the transmitter to the relays
and the transmission from the relays to the receiver. Therefore, when M # N, distributed space-time coding
is optimal since the diversity of the first stage cannot be better than MR, the diversity of a multiple-antenna
system with M transmit antennas and R receive antennas, and the diversity of the second stage cannot be
better than NR. When M = N, the penalty on the diversity because the relays cannot fully cooperate and
do not have full knowledge of the signal is RlolgolTOgPP. When P is very high, it is negligible. Therefore, with
distributed space-time coding, wireless relay networks achieve the same diversity of multiple-antenna systems,
asymptotically.

The paper is organized as follows. In the following section, the network model and the generalized dis-
tributed space-time coding is explained in detail. The PEP is first analyzed in Section 3 based on which an
optimum power allocation between the transmitter and the relays with respect to minimizing the PEP are given
in Section 4. In Section 5, the diversity for the network with an infinite number of relays is discussed. Then
the diversity for the general case is obtained in Section 6. Section 7 is the conclusion and discussion. Proofs of

some of the technical theorems are given in the appendices.

2 Wireless Relay Network

2.1 System Model

We first introduce some notation. For a complex matrix A, A, A, and A* denote the conjugate, the transpose,
and the conjugate transpose of A, respectively. det A, rank A, and tr A indicate the determinant, rank, and

trace of A, respectively. I,, denotes the n x n identity matrix and 0, , is the m x n matrix with all zero entries.

obtained for any function f satisfying limp_.. f(P) = 0. Also, this more precise definition is used to emphasize that the slope of the

logPEP vs. logSNR curve changes with the SNR.



We often omit the subscripts when there is no confusion. log indicates the natural logarithm. || - || indicates
the Frobenius norm. P and E indicate the probability and the expected value. g(z) = O(f(x)) means that
lim, 00 % is a constant. h(x) = o( f(x)) means that lim,_, ., % = 0.

Consider a wireless network with R + 2 nodes which are placed randomly and independently according to
some distribution. There is one transmit node and one receive node. All the other R nodes work as relays. This
is a practical appropriate model for many sensor networks. By using a straight-forward TDMA technique, it can
be generalized to ad hoc wireless networks with multiple pairs of transmitters and receivers.® The transmitter
has M transmit antennas, the receiver has IV receive antennas, and the i-th relay has R; antennas, which can be
used for both transmission and reception. Since the transmit and received signals at different antennas of the
same relay can be processed and designed independently, the network can be transformed to a network with
R = ZZ}-L R; single-antenna relays by designing the transmit signal at every antenna of every relay according
to the received signal at that antenna only.* Therefore, without loss of generality, in the following, we assume
that every relay has a single antenna.’

Therefore, the network can be depicted by Figure 1. Denote the channels from the M antennas of the
transmitter to the ¢-th relay as f1;, fo;, - - - , fari, and the channels from the ¢-th relay to the N antennas at the
receiver as g1, g2, - ,g;N. Here, we only consider the fading effect of the channels by assuming that f,,;
and g;,, are independent complex Gaussian with zero-mean and unit-variance. This is a common assumption
for networks in urban areas or indoors when there is no line-of-sight, or situations where the distances between
the relays and the transmitter/receiver are about the same. We make the practical assumption that the channels

fms and g;, are not known at the 1relays.6

What every relay knows is only the statistical distribution of its
local connections. However, we do assume that the receiver knows all the fading coefficients f,,; and g;,. Its
knowledge of the channels can be obtained by sending training signals from the relays and the transmitter.

We use the block-fading model [3] by assuming a coherence interval 7', that is, the time during which

fms and g;;,, keep constant.” The information bits are thus encoded into 7' x M matrices s = [S1, - ,Sm]s

SHowever, this straightforward TDMA scheme may not be optimal.
“This is one possible scheme. In general, the signal sent by one antenna of a relay can be designed using received signals at all

the antennas of the relay. However, as will be seen later, this simpler scheme achieves the optimal diversity asymptotically although a

general design may improve the coding gain of the network.
>The main reason is to highlight the diversity results by simplifying notation and formulas.

®For the i-th relay to know fo;, training from the transmitter and estimation at the i-th relay are needed. It is even less practical for

the i-th relay to know g;r, which needs feedback from the receiver.

"From the two-step protocol that will be discussed in the following, we can see that we only need fo: to keep constant for the
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Figure 1: Wireless relay network with M antennas at the transmitter and N antennas at the receiver

where s,,, a T-dimensional vector, is the signal sent by the m-th transmit antenna. For the power analysis, s is

normalized as
Etrs*s = M. (1)

To send s to the receiver, the same two-step strategy in [1] is used here. As shown in Figure 1, in step
one, which is from time 1 to 7T, the transmitter sends \/W s with \/W S, being the signal sent by
the m-th antenna from time 1 to 7". Based on (1), the average total power used at the transmitter for the 7'
transmissions is P;1". The received signal at the i-th relay at time 7 is denoted as r; ». We denote the additive
noise at the i-th relay at time 7 as v; -. In step two, which is from time 7' + 1 to 27, the i-th relay sends
i1, ,t; 7. We denote the received signal and noise at the n-th receive antenna of the receiver at time 7' + 7
by z,, and w;,,. Assume that the noises are independent complex Gaussian with zero-mean and unit-variance,
that is, the distribution of v; , w ,, is i.i.d. CN(0, 1).

We use the following notation:

Vi1 i1 ti1 W1ip T1in
Vi,2 T3 2 ti 2 Wop Ton

Vi = _ r; = ] t; = } Wy = ) Xp = ) ;
v, T T T t; 7 Wy TTn

where v;, r;, and t; are the noise, the received signal, and the transmit signal at the ¢-th relay, w,, is the noise
at the n-th antenna of the receiver, and x,, is the received signal at the n-th antenna of the receiver. v;, r;, t;,

w,,, and x,, are all T-dimensional column vectors.

first step of the transmission and g;, to keep constant for the second step. It is thus good enough to choose 1" as the minimum of the

coherence intervals of f,,; and g;n.



Since f,; and g;;, keep constant for 7" transmissions, clearly

M
ri = /PIT/M Y foism +vi = /PIT/Msfi + v, @
m=1

and
R
Xn = Z gint; + Wy 3)
i=1
t
where we have defined f; = [ fii foi - fui } .

2.2 Distributed Space-Time Coding

We want the relays in the network cooperate in a way such that their antennas work as transmit/receive an-
tennas of the same user to obtain diversity. There are two main differences between the wireless network in
Figure 1 and a point-to-point multiple-antenna communication system analyzed in [5, 13]. The first is that in a
multiple-antenna system, antennas of the transmitter can cooperate fully while in the network, the relays do not
communicate with each other and can only cooperate in a distributive fashion. The other difference is that in a
wireless network, every relay just has a noisy version of the transmit signal s.

Therefore, a crucial issue is how should every relay help the transmission, or more specifically, how should
the i-th relay design its transmit signal t; based on its received signal r;. One of the most widely used strategies
is called decode-and-forward, (see, e.g., [6, 8]), in which the ¢-th relay fully decodes its received signal, and then
encodes the information again and transmits the newly encoded signal. If the transmission rate is sufficiently
low so that all the R relays are able to successfully decode, the system can act as a multiple-antenna system with
R transmit antennas and N receive antennas. Therefore the communication from the relays to the receiver can
achieve a diversity of N R. However, if some nodes decode incorrectly, they will forward incorrect information
to the receiver, which can significantly harm the decoding at the receiver. Therefore, to use decode-and-forward
and obtain the maximum diversity N R requires that the transmission rate is low enough so that all the relays
can decode correctly. Thus, the decode-and-forward requires a substantial reduction of rate, especially for large
R, and so we will therefore not consider it here. There are other disadvantages of decode-and-forward. Because
of the decoding complexity, it causes both extra time delay and energy consumption.

In this paper, we will use the cooperative strategy called distributed space-time coding proposed in [1].

Thus, design the transmit signal at relay ¢ as

ti =/ 5——Air;, “)



a linear function of its received signal.® A; is a T x T unitary matrix. As in [1], while within the framework
of linear dispersion codes A; can be arbitrary, to have a protocol that is equitable among different users and
among different time instants we set A; to be unitary. This simplifies the analysis of the PEP considerably, as
will be seen in the following section.

Because E trss* = M, fy,,, v, j are CN(0,1), and fp,y, s, vy j are independent, the average received power

at relay ¢ can be calculated to be

EI‘;FI'Z' =E (\/PlT/Mgfi + VZ')*(\/PlT/M§fZ' + Vi) = (Pl + 1)T

Therefore, the average transmit power at relay ¢ is

P

* P *
Etiti = 72E (Azrz) (Azrz) = m

Erir; = PT
Pl + 1 7+ 2 9
which explains our normalization in (4): P> is the average transmit power for one transmission at every relay.

Let us now focus on the received signal. Clearly from (2) and (3),

fi91n
R
P.PT f292n [ P
=y AV, .
Xn (P1+1)M[A1§ Ass AR§] + P1+1iz:;gm iVi tW
| frRIRn |
By defining
X = [Xl Xy - XN}? S:[Aﬁ Aos --- AR§]’
fig1
fogo
8 = [Qﬂ gi2 - 92‘N]7 H = ) ) )
| frer |
and
W= [ P S ginAivi+wy e exat S giNAvi+wy | (©)

81n general, the transmit signal at the relays can be designed as any function of their received signals. Although only linear functions
are used here, we conjecture that the diversity result cannot be improved using other more complicated designs. Also, more complicated

designs make the noise analysis intractable.



the system equation can be written as

P PT
X=/——""SH+W. 7
VA ol @

Let us examine the dimension of each matrix. The received signal matrix X is 7' x N. S which is actually a
linear space-time code is 7' x M R since the A; are T'x T, s is T' x M, and there are R of them. f; is M x 1 and
g; is 1 x N. Therefore, the equivalent channel matrix H is RM x N. W which is the equivalent noise matrix
isT x N. Asin [1], S works like the space-time code in a multiple-antenna system. It is called the distributed
space-time code since it has been generated distributively by the relays without having access to the transmit

signal. The power constraint on S is:

R
EtrS*S=E Ztr§*AfA,-§: REtrs*s = RM.

i=1

Therefore, the code has the same normalization as a 7' X M R unitary matrix.

3 Pairwise Error Probability

To analyze the PEP, we have to determine the maximum-likelihood (ML) decoding rule. This requires the
conditional probability density function (PDF) P (X|s;,), where s;, € S and S is the set of all possible transmit

signal matrices.

Theorem 1. Given that s,, is transmitted, define

Sk:[Aﬁk Agsy, - AR§k]'

Then conditioned on sy, the rows of X are independently Gaussian distributed with the same variance Iy +

P> *
BT GG*, where

giN ' YRN

The t-th row of X has mean % [Sk|¢ H with [Si]; the t-th row of S. In other words,

P (Xlsy) = : oo (- ) () (o T )

P *
VT det T (Iy + 55 GG )




Proof: See Appendix A. O
In view of the above theorem, we should emphasize that for a wireless relay network with multiple antennas

at the receiver, the columns of X are not independent although the rows of X are. (The covariance matrix of

Py

Pl GG is not diagonal in general.) That is, the received signals at different antennas are not

each row Iy +

independent, whereas the received signals at different fimes are. This is the main reason that the PEP analysis
in the new model is much more difficult than that of the network in [1], where X had only a single column.

With P (X|s;) in hand, we can obtain the ML decoding and thereby analyze the PEP. The result follows.

Theorem 2 (ML decoding and the PEP Chernoff bound). Define Ry = I + Pf 27 GG™. The ML decoding

of the relay network is
. PR,T » PLP,T "
argmintr | X —/—————SyH | R X—|————5H | . 9
S ( MP +1) " ) W( M+ 1)k ) ©
With this decoding, the PEP of mistaking s;, by s;, averaged over the channel realization, has the following
upper bound:
PP T

_ PP
P (Sk N Sl) < E e 4M@O+Pp)
- - B fmi7gin

tr (Sk—Sz)*(Sk—sl)HRale*. (10)

Proof: See Appendix B. O

4 Power Allocation

The main purpose of this work is to analyze how the PEP decays with transmit power or with the receive SNR
at the high SNR regime. The total power used in the whole network is P = P; + RP». Therefore, one natural
question is how to allocate power between the transmitter and the relays if P is fixed. In this section, we find
the optimum power allocation such that the PEP is minimized. Because of the expectations over f,,; and g;,
and also the dependency of Ry on g;y,, the exact minimization of formula (10) is very difficult. Therefore,
similar to the argument in [1], we recourse to an asymptotic argument for R — oo.

Notice that the (i, 7)-th entry of %GG* is 1—1% Zle grigrj- When R — o0, according to the law of large
numbers, the off-diagonal entries of %GG* goes to zero while the diagonal entries approach 1 with probability

1 since Zle |g|?; has a gamma distribution with both mean and variance R. Therefore, it is reasonable to

assume %GG* ~ Iy for large R, which is the same as Ry ~ (1 + 151251) In.

9



Therefore, from (10),

___BRT
P(§k—>§l)§ E e 4MQA+P;+RPp)

misJin

Sp—S1)* (Sx—S1)HH*

Since S, S;, and H are independent of P} and P», minimizing the PEP is now equivalent to maximizing

P PT

IM(1P R This is exactly the same power allocation problem that appeared in [1]. Therefore, with the

same argument, we can conclude that the optimum solution is to set

P P
Pi=% and Py= = (11)

That is, the optimum power allocation is such that the transmitter uses half the total power and the relays share
the other half. When the number of relay nodes are large, which is the case for many sensor networks, every
relay spends only a very small amount of power to help the transmitter.

Note that as discussed in Section 2.1, for the general network where the ¢-th relay has R; antennas, the
antennas are treated as R; different relays in Figure 1. Therefore, it is easy to see that for this multiple-antenna-
relay-node case, the optimum power allocation is such that the transmitter used half the total power as before,

but every relay uses power that is proportional to its number of antennas. That is P; = g and the power used

R; P
2 Zf:l R;

With this power allocation, at high P, 1 M(1}jr1 gfIR By ~ 16!3 A}F = Therefore, the PEP satisfies

at the ¢-th relay is

Psy —s) S B e moamT(SemS) (eSO, (12)
mi»Jin
. . . PiPT . .
It is easy to see that the expected receive SNR of the system is 0P RPy)" Therefore, this optimal power

allocation also maximizes the expected receive SNR. We should emphasis that this result is only valid for the
wireless relay network described in Section 2, in which all channels are assumed to be i.i.d. Rayleigh fading. It

may not be optimal if these assumptions are not met.

5 Diversity Analysis for R — oo

5.1 Basic Results

As mentioned earlier, to obtain the diversity, we have to compute the expectations over f,,; and g;, in (12).
We shall do this rigorously in Section 6. However, since the calculation is detailed and gives little insight, in

this section, we give a simple asymptotic derivation for the case where the number of relay nodes approaches

10



infinity, that is R — oo. As discussed in the previous section, when R is large, we can make the approximation

Ry =~ (1 + LeR ) I and then obtain formula (12). Denote the n-th column of H as h,,. From (5), h,, = G,.f,

Pi+1
t
where we have defined G,, = diag {ginIns, - ,grnIp} and f = [ f, --- fg | . Therefore, from (12),
P(sp —s;) S E e tenrmtr H*(Si=5)" (Se—S)H
a B ~ fmisGin
= E e 16MR Zn 1 hy (S —=S1)* (Sk—5S1)hn
fmisGin
— e mnrt [X0m1 Ga(Sk—51)" (Sk=51)Gn]f
fmisGin

Since f is white Gaussian with mean zero and variance I gy,

—1
P(s—8) S B det ™ | Tnns + 16MRZQ )*(Sk — S1)Gn (13)

Similar to the multiple-antenna case [5, 13] and the case of wireless relay networks with single-antenna nodes
[1], the “full diversity” condition can be obtained from (13). It is easy to see that if Sy — S; drops rank, the
exponent of P in the right side of (13) increases. That is, the diversity of the system decreases. Therefore,
at high transmit power, the Chernoff bound is minimized, which is equivalent to saying that the diversity is
maximized, when Sy — S is full-rank, or equivalently, det(Sy — S;)*(Sp — S;) # 0 for all S, # S; € S.
Since the distributed space-time code Sy and S; are T' x M R, there is no point in having M R larger than the
coherence interval T'. Thus, in the following, we will always assume 7" > M R.

Assume that the code is fully-diverse. From (13), roughly speaking, the larger the positive matrix (S —
S1)*(Sk — Si), the smaller the upper bound. This improvement in the PEP because of the code design is called
coding gain. Since the focus of this paper is on the diversity provided by the independent transmission routes
from the antennas of the transmitter to the antennas of the receiver via the relays, the coding gain design, or the
code optimization, is not an issue. Denote the minimum singular value of (S} — S;)*(Sx — S;) by 02,... From

min*

the full diversity of the code, amm > (. Therefore, the right side of (13) can be further upper bounded as:

P(s,—s) S Edet™!

Gin 16MR

Trag + L1 min Z g*gn]

-M

R
- H( 16Mn}%nz’g’"’2>

Z?’L

i=1
Define g; = S0, |gin|?. Since gi, are i.id. CA(0,1), g; are i.i.d. gamma distributed with PDF p(g;) =

N-1

™ ),gl e~ 9. Therefore,

1 & PTo?2. M
— < - Z ~ “min N-1_—x

11



16MR
PTo?2

min

2
By defining y = 1 + %w, which is equivalent to x = (y — 1) , and changing the variable in the

integral from x to y, we have
Ps —5) < ! 16MR NRe—r;STfffn /°° (y—N-! e——z—plﬁfifnydy R
skOT RS (N —1)IR \ PTo2 . yM '

min

16 M R2
When the transmit power is high, that is, P > 1, e” Tomin = 1. Therefore,

R
NR |N-1
Ps, —s) < 1 16MR Z N -1 /ooyl_Me——g—;ggifnydy
Sk E S (N - 1)IR \ PTo2, e I .

The following theorem can be obtained by calculating the integral.

Theorem 3 (Diversity for R — o0). Assume that R — oo, T' > MR, and the distributed space-time code
is full diverse. For large total transmit power P, by looking at only the highest order term of P, the PEP of

mistaking s;, with s; has the following upper bound:

(%)RP—NR if M > N
1 16M R\ MMMV |0l p\ MR ,

(N =M —I)NEPp~ME 4f < N

Therefore, the diversity of the wireless relay network is

min{ M, N}R if M £ N
g ) LNy N as)
MR (1- 4 R8P ) ifM =N

Proof: See Appendix C. O

5.2 Discussion

With the two-step protocol, it is easy to see that regardless of the cooperative strategy used at the relay nodes,
the error probability is determined by the worse of the two transmission stages: the transmission from the
transmitter to the relays and the transmission from the relays to the receiver. The PEP of the first stage cannot
be better than the PEP of a multiple-antenna system with M transmit antennas and R receive antennas, whose
optimal diversity is M R, while the PEP of the second stage can have diversity no larger than N R. Therefore,

when M # N, according to the decay rate of the PEP, distributed space-time coding is optimal. For the case

loglog P
logP >

of M = N, the penalty on the decay rate is just R which is negligible when P is high. Therefore,

12



distributed space-time coding is better than decode-and-forward since it achieves the optimum diversity gain
without the rate constraint needed for decode-and-forward.

If we use the diversity definition in [14], since limp_, lo{ﬂT‘)gPP = 0, diversity min{M, N} R can be
obtained.

The results in Theorem 3 are obtained by considering only the highest order term of P in the PEP formula.
When analyzing the diversity gain, it is not only the highest order term that is important, but also how dominant
it is. Therefore, we should analyze the contributions of the second highest order term and also other terms of
P compared to that of the highest one. This is equivalent to analyzing how large the total transmit power P
should be to have the terms given in (14) to dominate. The following remarks are on this issue. They can be
observed from the proof of Theorem 3 in Appendix C.

Remarks:

1. If [M — N| > 1, from (27) and (29), the second highest order term of P in the PEP formula behaves as

p~min{M,N}R+1 The difference between the highest and the second highest order terms of P in the PEP

is a P factor. Therefore, the highest order term is dominant when P >> 1. In other words, contributions

of the second highest order term and other lower order terms are negligible when P > 1.

2. If M = N, from (28), the second highest order term of P in the PEP formula is

oM-1R  r16MR\ M logh—! P
(M — 1)1E \ To2 PMR

min
which has one less log P compared with the the highest order term. Therefore, the highest order term,

MR MR
L <16M R) (%) , is dominant if and only if log P > 1, which is a much stronger

M—1)1E \ 752
(M—-1)1E Toz.,

condition than P >> 1. When P is not very large, contributions of the second highest order term and

even other lower order terms are not negligible.

3. If [M — N| = 1, from (26) and (30), the second highest order term of P in the PEP formula behaves

as p—min{M.N }R%_ The difference between the highest and the second highest order terms is a IO%P
factor. Therefore, the highest order term given in (14) is dominant if and only if P > log P. This
condition is weaker than the condition log P > 1 in the previous case, however, it is still stronger than
the normally used condition P > 1. Thus, although the situation is better than the case of M = N, still

when P is not large enough, the second highest order term and even other lower order terms in the PEP

formula are not negligible.

13



6 Diversity Analysis for the General Case

6.1 A Simple Derivation

The diversity analysis in the previous section is based on the assumption that the number of relays is very large.
In this section, analysis on the PEP and the diversity results for the general case, networks with any number of
relays, are given.

As discussed in Section 3, the main difficulty of the PEP analysis lies in the fact that the noise covariance
matrix Ry, is not diagonal. From (10), we can see that one way of upper bounding the PEP is to upper bound

Ry . Since Ry = Iy + p2;GG* > 0,

Ry < (tr Rw)I Z( P+1Z\gm\>IN—<N+

Sfwr)e

Therefore, from (10) and using the power allocation given in (11),

PT
— tr H* (S, —951)*(Sx—Si1)H
P(s,—s)< E e SMNR(1+ 5 SN SR 195 12) P H (8= 50" (54=5)
fmi>gin

when P >> 1. If the space-time code is fully diverse, using similar argument in the previous section,

l PTo? Gi -
P(§k—>§l)§EH<1+ i — > ;
i SMNE1+ 5532 0i

where, as before, o2 is the minimum singular value of (S —5;)* (S, —S)) and g; = 27127:1 |gin|?. Calculating

this integral, the following theorem can be obtained.

Theorem 4 (Divesity for wireless relay network). Assume that T > MR and the distributed space-time
code is full diverse. For large total transmit power P, by looking at the highest order terms of P, the PEP of

mistaking s;, by s; satisfies:

R
L | p-NE ifM >N
o 1 SMN R\ ™m{MNR [N(MIN;J ogl/M p\ ME .
P(§k—>§l)N (N—l)'R To_mm (1+W) (T) lfM:N . (16)

R 5_ .
(4 +(N—M-1D])"PME M <N

Therefore, the same diversity as in (15) is obtained.

Proof: See Appendix D. U
Although the same diversity is obtain as in the R — oo case. There is a factor of N in formula (16), which

does not appear in (14). This is because we upper bound Ry by (tr Ry )Iy, whose expectation is N times

14



the expectation of Ry, while in the previous section we approximate Ry, by its expectation. This factor of NV
can be avoided by finding tighter upper bounds of Ryy. In the following subsection, we analyze the maximum
eigenvalue of Ryy. Then in the Subsection 6.3, a PEP upper bound using the maximum eigenvalue of Ryy is

obtained.

6.2 The Maximum Eigenvalue of Wishart Matrix

Denote the maximum eigenvalue of }%GG* as Apmax. Since G is a random matrix, A,y iS @ random variable.
We first analyze the PDF and the cumulative distribution function (CDF) of Apax.

If entries of G are independent Gaussian distributed with mean zero and variance one, or equivalently, both
the real and imaginary parts of every entry in G are Gaussian with mean zero and variance %, }%GG* is known
as the Wishart matrix. While there exists explicit formula for the distribution of the minimum eigenvalue of a
Wishart matrix, surprisingly we could not find non-asymptotic formula for the maximum eigenvalue. Therefore,
we calculate the PDF and CDF of A, from the joint distribution of all the eigenvalues of }%GG* in this section.

The following theorem has been proved.
Theorem 5. G is an N x R matrix whose entries are i.i.d. CN'(0,1).

1. The PDF of the maximum eigenvalue of I—l;zGG* is
REN \R—N ,—RX

[ T(R—n+1)C(n)

P Aumax (A) = det F, A7)

where F is an (N —1)x (N —1) Hankel matrix whose (i, j)-th entry equals f;; = fo/\()\—t)ztR_N+i+j_26_tht.

2. The CDF of the maximum eigenvalue of %GG* is
RRN

I, T(R—n+1)T(n)

P ()\max S )\) =

det I, (18)

where F' is an N x N Hankel matrix whose (1, j)-th entry equals f;; = foA th=N+iti—20—Rtqy

Proof: In Appendix E. O
A theoretical analysis of the PDF and CDF from (17) and (18) appears quite difficult. To understand A,ay,
we plot the two functions in figures 2 and 3 for different R and N. Figure 2 shows that the PDF has a peak at
a value a bit larger than 1. As R increases, the peak becomes sharper. An increase in IV shifts the peak right.

However, the effect is smaller for larger R. From Figure 3, the CDF of A, grows rapidly around A = 1 and
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PDF of A___ of Wishart matrix CDF of A___ of Wishart matrix
max max

- --R=10N=2 ——R=10N=2
——R=10N-=3 - - -R=10N-=3
25 R=10 N=4|1 08k R=10 N=4
- - -R=40 N=2 : R=40 N=2
——R=40 N=3 - - -R=40 N=3
2 R=40 N=4] _ R=40 N=4
< < 0.6+
I \%
§15 g
< <
o a 04
1k
05l 0.2+
0 0 ;
0 4 5 0 3 4 5
Figure 2: PDF of the maximum eigenvalue of £GG*. Figure 3: CDF of the maximum eigenvalue of £GG*.

becomes very close to 1 soon after. The larger R, the faster the CDF grows. Similar to the PDF, an increase in
N results in a right shift of the CDF. However, as R grows, the effect diminishes. This verifies the validity of
the approximation GG* ~ RIy in Section 6 for large R.

In the following corollary, we give an upper bound on the PDF. This result is used to derive the diversity

result for general R in the next subsection.

Corollary 1. The PDF of the maximum eigenvalue of I—l;zGG* can be upper bounded as
p)\max()\) S Cl)\RN—le—R)\’ (19)

where

9N—1RRN
¢’ = N N—1 (20)
Loy T(R—n+1I'(n)[[,-;(R=N+2n—-1)(R—N+2n)(R—N+2n+1)

is a constant that depends only on R and N.

Proof: From the proof of Theorem 5, F' is a positive semidefinite matrix. Therefore det F' < Hivz_ll nn-

From (17), f,. can be upper bounded as

A . 2 B .
fun < /0 (A= 0t = (R— N +2n— 1)(R—N+2n)(R—N+2n+1))\R e,
we have
oN—1
det F' < —<— A\RN—R+N-1
[[,L-y(R—N+2n—-1)(R—N+2n)(R—N+2n+1)
Thus, (19) is obtained. O
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6.3 Diversity Results for the General Case

If the maximum eigenvalue of }%GG* iS Amax, the maximum eigenvalue of Ry = Iy + Pf GG s 1+

%)\max, and therefore Ry < (1 + %)\max) Iy. From (2) and using the power allocation given in (11),

we have
P1 P2T

Plsy = Smx=c) < E ¢ SOFRTHmm
- n fmmg'rn

tr (Sk—S1)*(Sp—S)) HH*

E 6‘%“ (Sk—=S)" (Sk—=S)HH™

fmmg'rn

AN

The only difference of the above formula with formula (12) is that the coefficient in the constant in the denom-
inator of the exponent is 8(1 4+ A\pax) now instead of 16. This makes sense since ¢ — 1 as R — oo. Therefore,
using an argument similar to the proof of Theorem 3, at high total transmit power, by looking at the highest

order terms of P,

R
2N —NR .
1 8(1+¢)MR min{M,N}R (M—:/JX) ZR if M >N
e T [ To? ] (%) ifM =N .1
’ min

(N —M —1I)NEP~ME it \f < N
The following theorem can thus be obtained.
Theorem 6 (Divesity for wireless relay network). Assume that T > MR and the distributed space-time

code is full diverse. For large total transmit power P, by looking at the highest order terms of P, the PEP of

mistaking s;, by s; can be upper bounded as:

I\R
(%) PE ifM >N
C‘v 8MR mln{M,N}R 10 1/1\/[P MR .
Pls— ) S —ym (702 (2 fM=N , (22
(N —M —INEP~ME 4fpf < N
where
o C,mi“{M’N ML min{M, N}R \ (min{M,N}R +i—1)!
o — ; Rmin{M,N}R+i—1

Therefore, the same diversity as in (15) is obtained.

Proof:

o o
P (s, —s) = / P (s}, = 81| Amax = )P Aax (€)de < / OtV =1 (5), — 5| Amax = ¢)de
0 0
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using (19) in Corollary 1. From (21),

/ M mln{M,N}R fe'e) ]
P(s;, —s;) < ¢ < SM K ) / FN=le=Re(1 4 c)mm{M’N}Rdc
0

’ ~ O (N-1D)E\Te2.
_ R
(%) PE it M > N
R
(1;%’) M =N .

(N-M — 1)!RP_MR if M <N
Since

m LN min{ M, NYR \ (Rmin{M, N} + i — 1)!

o

RN—1_—Rc min{M,N}R j . __

/0 ¢ e (1+0) de = Z , REmin{M,N}+i—1
i=0 1

(22) is obtained. O

7 Conclusion and Discussion

In this paper, we generalize the idea of distributed space-time coding to wireless relay networks whose transmit-
ter, receiver, and/or relays can have multiple antennas. We assume that the channel information is only available
at the receiver. The ML decoding at the receiver and PEP of the network are analyzed. We have shown that for
a wireless relay network with M antennas at the transmitter, /V antennas at the receiver, a total of R antennas

at all the relay nodes, and a coherence interval no less than MR, an achievable diversity is min{M, N} R, if

M # N,and MR ( — % lolgo g’lgjp ), if M = N, where P is the total power used in the whole network. This
result shows the optimality of distributed space-time coding according to the diversity gain. It also shows the
superiority of distributed space-time coding to decode-and-forward.

We also show that for a fixed total transmit power across the entire network, the optimal power allocation
is for the transmitter to expend half the power and for the relays to share the other half such that the power used
by every relay is proportional to the number of antennas it has.

There are several directions for future work that can be envisioned. In this paper, We have obtained an

achievable diversity for the wireless relay network using the idea of distributed space-time coding. To achieve

this diversity, the distributed space-time code

{Sk = [ Aisy, Agsp - Agsy } 85 ES}

should be full diverse. That is, det(S; — S;)* (S — Si) # Oforall s, # s; € S. In addition to the diversity gain,

the coding gain design or the code optimization is also an important issue since it effects the actually perfor-
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mance of the system. From (13), the larger (S, — S;)*(Si — i), the better the coding gain. Therefore, possible
design criterion are max ming, 45 s det(Sy — 51)* (S — 5) and maxming, x5,es5 0(Sk — S1)*(Sk — 1),
where o(A) indicates the minimum singular value of A. More analysis is needed for this problem. However, it
is beyond the scope of this paper.

Another important problem is the non-coherent case. In this work, we assume that the receiver knows all
the channel information, which needs training from both the transmitter and the relay nodes. For networks with
high mobility, this is not a practical assumption. Therefore, it should be interesting to see whether differential
space-time coding technique can be generalized to this network.

The network model can be generalized in many ways too. The network analyzed in this paper has only
one transmitter and receiver pair. When there are multiple transmitter-and-receiver pairs, interference plays
an important role. Smart detection and/or interference cancellation techniques will be needed. Also, in our
model, only the fading effect of the channels is considered. The achievable diversity when channel path-loss is

in consideration is another important problem.

A Proof of Theorem 1

Proof: It obvious that since H is known and W is Gaussian, the rows of X are Gaussian. We only need to

show that the rows of X are uncorrelated and that the mean and variance of the ¢-th row are 0 g L f f)TM [Sk]+H

and Iy + P1—2+1 GG*, respectively.

The (¢, n)-th entry of X can be written as

P.PT R M T
1472
Ttn = Pl i 1 Z Z Z fngmaz trSk,rm + \/ })1 ‘|‘ 1 Z Zgznaz trVir + Win,

=1 m=17=1 i=1 7=1

where a; ¢ is the (¢, 7)-th entry of A; and sy, ;r,, is the (7,m)-th entry of s;. With full channel information at

the receiver,
R M T

Exy, = P}?%fl Z Z Z fngmaz tTSk,mm-

i=1 m=171=1
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Therefore, the mean of the ¢-th row is Af(ﬁfl) [Sk|¢H. Since v;, w,,, and s, are independent,

Cov ($t1n17$t2n2) = E (:L'tlm - E$t1n1)($t2n2 - E$t2n2)

P R T R T
- Z Z Z Z E Giini @iy tym1 Uriy Gigno Qig tom Vigry + E Wi ny Wegny
P1 +1

i1=1711=112=1710=1

P R T
= Z Z Q; tlTal tarGing .gmg + 6n1n2 5t1t2
Pl +1 i=1 7=1

= 5t1t2 (P +1 Zgzrugmz + 5n1n2>

glng
Py

= Oyt ﬁ[glm ng] : + Onin,

E_]an

The fourth equality is true since A; are unitary. Therefore, the rows of X are independent since the covariance of

Zt,n, and Ty, y, 1S zero when t; # to. Itis also easy to see that the variance matrix of each row is I y+ Pf il
Therefore,
P PoT Py )L P PoT
P ([X]ilsi) = ! ot o artrn st (vt 32 667) (X[t s
- N P
T det(IN+P1+l >
from which (8) can be obtained. O

B Proof of Theorem 2

Proof: It is straightforward to obtain the ML decoding formula (9) from formula (8). For any A > 0, the PEP
of mistaking s;, by s; has the following Chernoff upper bound [18, 13]:

P(s, —s) < E e (logP (X|s;)—log P (X|s,))
Since s, is transmitted, X = LRT 6 H + W. From (8),

M(Pi+1)

log P (x[s;) — log P (x|sy,)

_ P1P2T _ —1 % . * P1P2T - —1lyx7*
= tr 7M(P1 T 1) (Sk Sl)HRWH (Sk Sl) + 7M(P1 T 1) (Sk SI)HRWW
P PT Y
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From the proof of Theorem 1, W is also Gaussian distributed with mean zero and its variance is the same as

that of X . Therefore,

p (§k - §l)
Py 1 7% Py P — Ly P PT —1 7% *
S [m(s,c S H Ry H* (Sk=80)"+/ srp2isy (Sk—S) H R W[ 112D W R H (sk—sl)]
B f'rniyginyw

Lt (M2 (S-S H+W ) Ryt (4 /%(sk—sl)lﬂw)*

g N N) artigdpy tr (Sk— Sl)HRle*(Sk—Sl)*/
fmirGin

_ R - )\)Wtr(Sk S))* (S, —S1)HRy, H*

fmirGin

7NT det ~1 Ry,

Choosing A = %, which maximizes A\(1 — \) and therefore minimizes the right side of the above formula, (10)

is obtained.

C Proof of Theorem 3

Proof: Define

N-1

N —1 0 _ 16MR

_ Z / yl—Me PTU‘mln dy
1=0 l 1

We first give three integral equalities that will be used later.

/u we“mdx—e_““z nk—l—l’ u>0,Ru>0n=0,1,2,---
-1
00 T MnEl(— 6 —pu ™ 1 k k uF
dr = (—1)"*1 >0,n=12---
| e =y z s > 0= 1.2
00 p—p
/ dx = —Ei(—pu), Rp>0,u>0
u x
To calculate I, we discuss the following cases separately.
Cl1 Casel: M <N
In this case,
N—1 _ _16MR
— N - 1 o0 — 16ME N - ]. o PTUmin
/ yl—Me PTU?xxinydy + / e dy
I=M l 1 M—1 1 Y

M—2
N —1 ) __16MR
N / W=D P Y g
1

1=0 l

O

(23)

(24)

(25)

aw



Using equalities (23-25) withu = 1, p = 2ME andn=1—Morn=M — [ —1,

PTU?I\in

N-1 —(I-M+1
N-1 16MR \ ~(—M+1) N-1
I = > (l—M)!(PT > > + log P

=M l O nin M -1

M—2

N-—-1 1
+ Z: l V_1_1 + lower order terms of P.

By only looking at the highest order term of P, which is in the first term with [ = N — 1, we have

—(N—M)
f:(N—M—1)!<16MR> o (P

PTUfmi]n
Therefore,
R
1 16MR \VE 16MR\ ~WN-M) 1
P < N-M-1)|=—— —=
& —s) S mom (PTafmn> ( ) (PTffﬁnn> e (PMR>
[(N—M— 1)!]3 <16MR>MR L < 1 >
0] .
(N —1)! To2,. PMR PMR

While analyzing the performance of the system at high transmit power P, not only is the highest order term
of P important but also how fast other terms decay with respect to it. Therefore, we should also look at the

second highest order term of P. To do this, we have to consider two different cases.

IEN=M+1,
16MR \ . ([ 16MR
h= <PTU§11H> M [_El <_PT012111n>:| +ow)
16MR \
= <PTO'2 > + Mlog P+ O(1)
Therefore,
_ 1 [(16MR ME RM (16M R\ 10g P log P
Pls, =) S 95m To2. PME T R \ ToZ. PMR+1 purit ) (20

. . (MR 1_loglogP
The second highest order term of P in the PEP behaves as % =P ( T ogp ) .

IfN >M+1,

16 MR
PTo?

min

_ (%)WV_M) [(N M 1)+ (N - 1)(N — M -2 MR (lﬂ .

min

I = (N—M—l)!( )(NM)+(N—1)(N—M—2)!(7
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Therefore,

P (s, —s) S

(N—M—1)" (16MR\M? 1
(N-1)1E  \To2 PMER

min

(N—=1)(N =M —2)(N — M —1)1E1 r16MR\MFH 1 1 .
(N _1)E To? pirt PO\ pamt ) @D
C2 Casell: M =N
In this case,
16 MR
oo~ Pre2, Y N-2 [ N_1 00 __16MR
_[ :/ eidy‘f— Z / y_(M_l)e PTUminydy
1 Y —0 l 1
Using (25) with p = ﬁ?ﬁﬁ andu =1, and 24) withu = 1andn = M — [ — 1, we have
I = lo P—l—Nz_:z Nl é—klowerorderterms of P
T4 Y IV

< log P + 2"~ 4 lower order terms of P.

Therefore,

1 16MR\ M 100" P oN-1R /16 MR\ M logh 1 P logi~1 P
Plos 80 e (207) " (1oamy it )

(M —1)1E \ T2, PME T (M — 1R\ ToZ, PMR PMR

min min

Also, the second highest order term of P in the PEP behaves as lo%i;;P and the next term has one log P less

and so on.

C3 Caselll: M > N

In this case,

M—2
N -1 00 __16MRE
I / M= T Pre2 Y g
1

Using(24) with u = 1, p = 228 andn = M — 1 —1,

I = U1 —1 + lower order terms of P.
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Thus,

_ R
1 16MR\NE (AL [ N1 1
P < S 1
(§k _>§l) ~ (N—l)R <PTUr2nin> s I M—-1-1 +0( )
N-1 [ n_1q f NR
B 1 1 16MR PN 4 o (p-NR)
(N =1)! l:o I M—-1-1 To?,. '

We can further upper bound the PEP to get a simpler formula. Notice that ﬁ < ﬁ Thus,

R

l TO'2

_ R NR
- 2N-1 16MR p-NR
= |(M = N)(N =1)! To?

min

P(sy —s))

N

1 N-1
(M — N)(N —1)! ;

As discussed before, we also want to see how dominant the highest order term of P given in the above

formulais. f M >N +1, M —1—-2>N+1— (N —1)—2=0. From (24),

M—-N (M—-N)M-N—1)PTo?

min

oN-1 oN-1 16MR < 1 >
I < 0 Iz

Therefore,

b - gN-1 Br6MR\NET 1 R 16MR 1 1 2
&S i gremw o] \7e2,) (PR o1\ ez, ) PR o\ e ) - 29)

The second highest order term in the PEP behaves as ﬁ. IfM=N+1,

[<oN-1y 16MR10gP+O<1).

ToZ, P P

Therefore,

A

2RN-1)  r16M R\ 1 2B-DWV-DR /16MR\ V! log P log P
P(s, —s) + S s (30)
SRS (N - 1)1R \ To? PNE T (N -1)IR \To? PNR+1 PNRtL )7

min min

e : . —(NR+1-lolel
which indicates that the second highest order term in the PEP behaves as % =R ( T e ) O

D Proof of Theorem 4

N—1,-gi

Proof: Since g; have PDF p(g;) = ﬁgi e 9,

R
Plsp—s) < Y. Y. T

r=01<i1 <-<ir<R
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where

1 A PTa2 i -
(N —1)! 11 8MNR1+NRZZ g

the iy, - - - i,-th integrals '~
are from x to oo,
others are from 0 to «

and z is any positive real number. Let us calculate 77 ... . first.

) -M
To i N—=1 —g;

Ty... , min ! Yidg, ---d

1o, _1|R/ / / / < 8MNR 1 L S°F 1gz> gioc e

-M
> T PTo gi N—-1_—g;
a5 G g; e Ydgy---dg,
—1'R/ / <8MNR1+R or i_lgi>

/ / HQN Ye 9dg, iy - dgr

1=r+1

A

—rM
1 PTo2,, .,
= ( > AN, )

(N —1)IE \ SMNR
r e 9i
/ / <1+ NRIJ“—ZQZ) N d9L dgr,

=17

where v(n, x) is the incomplete gamma function [17]. We should choose z so that the diversity is maximized.
Define x = BP“, where 3 is a positive constant and « is any real constant. The value of § doesn’t affect
the diversity. Here, to have the PEP result consistent with formula (14) in Section 6, we set 3 = (%)a.
Therefore, choosing the optimal (in the sense of maximizing the diversity) = is equivalent to choosing the

optimal . If & > 0, the 7 = 0 term in the PEP upper bound is

mﬁ(z\a PY) =1+ o(1).

Therefore, having « positive is not optimal according to diversity. Similarly, if « = 0, x = 1. The r = 0 term

in the PEP upper bound, WVR(N , 1), is a constant. Therefore, o should be negative. Thus,
1 1
v(N,x) = NxN +o(zN) = NﬁNPO‘N + o(P*N).

We are only interested in the highest order term of P. When P is large, & N is negligible compared with 1.

Therefore,

)

1 To? —rM+aN(R—r)
T < min P—rM+aN(R—r)A
br (N - 1)IENF- \SMNR

where we have defined

T

o] [e’¢) e Y9
A:/ / <1+—Zgz> del - dgy.
xX xX i=1 7
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a
Consider the expansion of (A + Zle /\Z-> into monomial terms:

a
1 i1 1 75
()~ TS Gl et |
J=0 \ 1<li<-<li<k i1,

sz<a

where j denotes how many g; are present, /1, ...,l; are the subscripts of the g; that appears, i, > 1 indicates

that g;, is taken to the %,,-th power, and finally

iy~ (i) <1<;Z—2Z1> <I<:—¢1 o _ij—1>

counts how many times the term gl21 gllj g;J appears in the expansion. Thus,
J

A:Z Z Z C(Z.l?"'?ij)A(j;lla--.,lj;il,...,ij)
1

J=0 1<l <<l <r i1,-0%52
> im<r

where

) ) . e glm
AGsh, .. i, . 0) = (NR EREEr <H/ “M—N+1—in, zm )

9.,

e gl
H i

1#£101,..
From (23)—(25), While P — oo, o < 0, and n > 0,

e~

0o 0o ,—A 0o 1
/ Ae A\ = n! + o(1), / er)\ = (—a)log P + o(log P), and / Wd)\ = Eﬂ_"P_O‘" + o(P™M).

Therefore, the highest order term of P in A is the j = 0 term. If we only keep the highest oder term of P in A,

1 /B_T(M_N)P_TQ(M_N) ifM >N

g (M—=N)"

e K2

A= H/ P vdgi = { (—a) log" P if M =N
(N—M-1)" if M < N

From the symmetry of g1,--- ,gr, we have T}, ... ; =T ... ;.. Therefore,

P(sy —s) <

gt
B

R —rM+aN(R-
< 1 Z R 1 TO'mm PN P—rM+aN(R—r)
~ (N =1)R N SMNR
r r
. —ra(M—N)
(M_lN)T (gMHJ\lfuf%> " pretM=N)if M o> N
(—a)"log" P if M =N

(N=M-1) if M < N

26



We should choose a negative « such that the exponent of the highest order term of P in the above formula
is minimized. In other words, if we denote the exponent of the r-th term as f(r), choose a @ < 0 such that
max, f(r) is minimized.

If M >N, f(r)y=—rM+aNR—-r)—ra(M — N)=aNR—-rM(1l+a). Ifa < -1, f(r)is an
increasing function of r. Thus, max, f(r) = f(R) = —a(M — N)R — MR, which is minimized when «
equals its maximum —1. If &« > —1, f(r) is an decreasing function of r. Thus, max, f(r) = f(0) = aNR,

which is minimized when « equals its minimum —1. Therefore, we should set « = —1. Therefore,

o () e ()

min min

P (s, —s) S

If M <N, f(r)y=aNR —rN(a+ %) By similar argument, we should set o = —%. Thus,

P (s, —s) S

L4 (N-M—1)" /sSMNR\ ME
= (N — 1)k ) <Ta2 > P

min

1 loglog P

IfM=N,f(r)=aNR—-rN (a+1- 5 Tog P > Using similar argument, the optimal choice of « is

e

1 loglog P
N log P . Therefore,

log log P R —MR 1/M —MR
P(s, —8) S 1 SMNR\ wsr” 1 (, 1loglogP 8MNR log! ™ P
- 1 _ 1loglog P log ™"
S, 78 R (N —1)R Tafmn N N log P Tar2nin P
—MR
()T (8MNRYTME [10g/M P
T (N-DIE\ ToZ, P '

E Proof of Theorem 5

Proof: We first give a theorem that will be needed later.

Theorem 7. Define A = (A1, -+, A\n). For any function f, g, and h,

N
[ an T 500 det Vo) det Vi(a) = Nt oy,
i=1
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go(A1) - go(Aw) ho(A1) -+ ho(AN)

where V() = : : , Vi(A) = : : and
gn-1(M1) - gn—1(Aw) hn-1(A1) -+ hy-1(An)
9o(t)
En= 50| ¢ [0 o hvaw ]
gn-1(t)

Define G’ as a complex Gaussian matrix whose entries’ real and imaginary parts have mean zero and
variance one. Denote the ordered eigenvalue of G'G™* as \| > X,--- > Xy. It is well-known that the

eigenvalues have the following joint distribution [19]:

N /
! Az
PN, 7)\5\7):01_[)\23—1\7@—? H (X} — X))2, (31
i=1 1<i<j<N
where C' = o F(21;f71j+ o) is a constant. Denote the ordered eigenvalues of }%GG* as Ay > Ao > Ay
Therefore, A, = 2R\,;. The joint distribution of Ay, - - - , Ay is therefore
AN, - - dN,
P\ .\ = P\ M) TN
(17 ) N) (17 ) N)d)\ld)\N
= det[diag{2R, -+ ,2R}| P(2R\1, -+ ,2RA\y)
N
= @eRNCTJeRrRA)FNe ™ T 2R — M)
i=1 1<i<j<N
N
= CQRVTIAFNe ™ T vi—x)
i=1 1<i<j<N
To get the PDF of A1, we have to do the integral over o, - - - , Ay. Define f(x) = (A — x)22f"Ne= B and

gi(x) = hi(z) = 2L

P(Amax = A) = P(A1 = A)

= / P(A\ A2y, AN)dA2 -+ - dAy
AZX22>-AN

1 A A
= m/0 /0 P\ g, -+, AN)dAg - dAy
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’,:]2

DPANe e TT (A = Ay)2dAg -+ - dAy
2<i<j<N

f](\?}j)l \B-N, R,\/O/\ /0A

f](\?}j)l \B-N, R,\/O/\ /0A

C(2R)RN
(N - 1)

<.
[|
¥

f detV()\g, ,AN)dech()\Q,“‘ 7)\N))\1"'>\N

’,:]2

<.
[|
¥

AE=Ne=BA(N — 1)1 det F.,

where in the second equality we have changed the integral space from ordered \; to unordered ones. From the

symmetry of \;, we only need to divide the new value by (N — 1)!. From Theorem 7,

1

F:/O)\g(t) t [1 £ tN—2]dt.

tN_2

whose (i, 7)-th entry is f;; = fo/\()\ — t)2¢H-N+i+j=2¢=Riqt The CDF of \; can be obtained similarly. O
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