Equalization with an H1 Criterion �

Babak Hassibi, Alper T. Erdogan and Thomas Kailath

Information Systems Laboratory Stanford University

August 26, 1997

Abstract In this paper we study the problem of equalizing a communications channel from an H^∞ point of view. H^∞ estimation theory has been recently introduced as a method for designing filters that have acceptable performance in the face of model uncertainty and lack of statistical information on the exogenous signals. The approach may therefore be attractive for channel equalization problems where rapid changes in the system parameters lead to such model uncertainty, and where conventional statistical methods may not be directly applicable.

In this paper we obtain a closed-form solution to the H^∞ equalization problem and parametrize all possible H^∞-optimal equalizers. In particular, we show that, for minimum phase channels, a scaled version of the zero-forcing equalizer is H^∞-optimal. The results also indicate an interesting dichotomy between minimum phase and non-minimum phase channels: for minimum phase channels the best causal equalizer performs as well as the best noncausal equalizer, whereas for non-minimum phase channels, causal equalizers cannot reduce the estimation error bounds from their a priori values. [In other words, causal equalization of non-minimum phase channels is not possible.] Our analysis also suggests certain remedies in the non-minimum phase case, namely, allowing for finite delay, oversampling, or using multiple sensors. For example, we show that H^∞ equalization of nonminimum phase channels requires a time delay of at least d units, d is the number of non-minimum phase zeros of the channel.

Index Terms: Equalization, H^∞ estimation, robustness, minimum phase channels.

∗This work was supported in part by DARPA through the Department of Air Force under contract F49620-95-1-0525- P00001 and by the Joint Service Electronics Program at Stanford under contract DAAH04-94-G-0058-P00003.

1 Introduction

Equalization is a well studied problem in the area of communications. Various structures and methods have been proposed to recover transmitted data from their filtered and noise corrupted versions, and each method has its own advantages and disadvantages in terms of performance and complexity [1]. Equalization is also closely related to estimation theory since the equalization problem can be considered as a special case of an estimation problem.

Recently, in estimation theory, a (so-called) H^∞ approach has been proposed and extensively studied (see e.g., [2, 3, 4, 5, 6, 7] and the references therein) with the belief that the resulting H^∞ estimators will be more robust with respect to model uncertainties and lack of statistical knowledge of the exogenous signals. Due to its aforementioned properties, the H^∞ approach has also been proposed as an alternative method for channel equalization [8]. Further study of this approach to the equalization problem is the main focus of this article. As we shall shortly see, the results obtained in this attempt provide us with a new and different perspective for the understanding and analysis of the equalization problem, as well as for H^∞ estimation itself.

The remainder of this paper is organized as follows. In Sec.2 we introduce the equalization problem, as well as the issue of robustness with respect to model uncertainty and lack of statistical information. Sec. 3 introduces the H^∞ framework for robust estimation and shows how the H^∞ estimation problem can be solved via a ceratin J-spectral factorization. (The proof of this result is provided in App. A). Sec. 5 contains the main results of this paper. The H^∞ equalization problem is solved and all solutions are parametrized. The derivation hinges on the explicit J-spectral factorization of Sec. 5.1.1 and shows that the solution depends on whether the channel is minimum phase or not. It is also shown that, for minimum phase channels, appropriately scaled zero-forcing equalizers are H^∞-optimal. Moreover, the relative merits of various H^∞-optimal equalizers are discussed. Sec. 5.2 deals with the non-square case and Sec. 6 studies some remedies for non-minimum phase channels. In particular, it is shown that successful equalization of non-minimum phase channels requires a time delay greater than or equal to the number of non-minimum phase zeros. Sec. 7 gives state-space formulae for the H^∞ equalizers and the paper concludes with Sec. 8.

2 The Equalization Problem

The equalization problem that will be studied in this paper is depicted in Fig. 2. In this framework {u_i} is an unknown sequence (the transmitted sequence), {v_i} is an unknown additive disturbance sequence,

{y_i} is a known observations sequence, and H(z) is a known linear time-invariant (LTI) communications channel. The goal is to design the linear time-invariant system K(z) (the so-called equalizer) so as to estimate the unknown transmitted sequence {u_i} from the known observations sequence {y_i}, where the estimated sequence is denoted by {û_i}. In this sense, the equalization problem is essentially one of inverting a noisy channel (to obtain the input, from noisy observations of the output of the channel).

h- -? - - u_i v_i y_i û_i H(z) K(z)

Figure 1: The equalization problem.

In communications applications, the transmitted sequence {u_i} is often chosen from a finite alphabet. In this paper, however, we shall not impose such a restriction and shall assume that the u_i are arbitrary vectors in C^m. The unknown additive disturbance {v_i} is typically composed of three components: (i) measurement noise, (ii) interference from other signals, and (iii) modeling errors, due to imperfect knowledge of the true channel. We shall therefore, for the most part, not make any statistical assumptions on the disturbance sequence {v_i} and will simply consider it as an unknown sequence of elements in C^p. The observations {y_i} will therefore also be a sequence of elements in C^p.

The dimensions of {u_i} and {y_i} determine the input-output dimensions of the channel H(z). The channel is assumed to be causal and stable, which means that it is a p × m matrix function in z with Laurent series expansion, H(z) = h_0 + h_1z^{−1} + h_2z^{−2} + . . . (1) that is analytic on and outside the unit circle, |z| = 1, where {h_i, i ≥ 0} denotes the impulse response of H(z). The channel H(z) is often assumed to be rational (of McMillan degree, say, n), or in fact finiteimpulse-response (FIR, of length, say, n). However, almost all our results extend to the nonrational case, and we shall therefore not make this restriction.

The equalizer K(z) is assumed to be linear time-invariant since the channel is so, and since u_i ∈ C^m. [When the transmitted sequence is from a finite alphabet then having a nonlinear equalizer is justified, say by appending a decision device to K(z), or using a decision-feedback or maximum-likelihood equalizer.] Although we shall assume that K(z) is stable, we shall not always assume that it is causal. Indeed for the purposes of this paper, it will be important to distinguish between the following two cases.

• Causal Equalizer: The estimate û_i uses only past and current observations, {. . . , y_{i−2}, y_{i−1}, y_i}.

Thus, we may write K(z) = k_0 + k_1z^{−1} + k_2z^{−2} + . . . (2) where {k_i, i ≥ 0} denotes the corresponding impulse response. Therefore K(z) is a m × p matrix function that is analytic on and outside the unit circle, |z| = 1. In the rational case, this means that K(z) has all its poles inside the unit circle.

• Noncausal Equalizer: The estimate û_i uses past, current, and future observations, {. . . , y_{i−1}, y_i, y_{i+1}, . . .}.

Thus, we may write K(z) = . . . + k_{−1}z + k_0 + k_1z^{−1} + . . . (3) where {k_i, −∞ ≤ i ≤ ∞} denotes the corresponding impulse response. Therefore K(z) is a m × p matrix function that is analytic on some annulus containing the unit circle, |z| = 1. In the rational case, this means that K(z) has poles both inside and outside the unit circle.

We shall also briefly consider the case where û_i uses a finite number of future observations, say {. . . , y_{i+d−1}, y_{i+d}}, for some d > 0, in Sec. 6.3.

Finally, we should mention that we shall mostly be concerned with the case where H(z) is square, i.e., m = p, and often with the case where it is scalar, i.e., m = p = 1.

2.1 The Question of Robustness

The equalization problem is, of course, a central problem in communications and therefore a variety of approaches and methods exist for solving it. We may mention minimum-mean-square-error (MMSE), zero-forcing (ZF), and, in passing, maximum-likelihood-sequence-detection (MLSD, a.k.a. as the Viterbi algorithm) and decision-feedback (DF) equalizers [9, 10, 11, 12, 13, 1].

MMSE equalizers assume that the unknown sequences {u_i} and {v_i} are zero-mean stationary processes with known second-order statistics, and choose K(z) so as to minimize the expected squared estimation error, E(u_i − û_i)^∗(u_i − û_i). When {u_i} and {v_i} are uncorrelated and white zero-mean stationary process with variances Q and R, respectively, then the noncausal MMSE equalizer is given by the so-called Wiener smoother, K(z) = QH^∗(z^{−∗}) [ R + H(z)QH^∗(z^{−∗}) ]_{−1} , (4) and the causal MMSE equalizer by the Wiener filter, which in this case can be shown to be,

K(z) = Qh^∗_0R^{−1}_e M^{−1}(z), (5)

where the monic (M(∞) = I_p) and minimum phase^1 matrix function M(z), and the Hermitian matrix R_e = R^∗_e ∈ C^{p×p}, are found from the spectral factorization,

M(z)R_eM^∗(z^{−∗}) = R + H(z)QH^∗(z^{−∗}). (6)

In zero-forcing equalization, assuming p = m, K(z) is simply chosen as the inverse of the channel, i.e., K(z) = H^{−1}(z). (7) Clearly, the zero-forcing equalizer is causal if H(z) is minimum phase and noncausal if it is otherwise. When there is no additive disturbance present ({v_i} = {0}), the zero-forcing equalizer perfectly reconstructs the transmitted sequence {u_i}. However, when {v_i} is present it has the drawback of significantly enhancing the noise at those frequencies for which H(z) has deep nulls.

The Viterbi algorithm assumes that the {u_i} are binary (or M-ary) sequences with uniform distribution and that {v_i} is white Gaussian noise, and obtains maximum-likelihood estimates of the transmitted sequence. Both the Viterbi algorithm and decision-feedback equalizers are nonlinear and will not be further considered in this paper. (We should remark that nonlinear H^∞ estimators are also possible, though we shall not consider them in this paper.)

With such an abundance of equalizers it is natural to ask what more is there to say? In fact, there is quite more if we note that MMSE and MLSD equalizers have certain desirable optimality properties, as suggested by their names, only when we assume:

(i) that the channel H(z) is known exactly.

(ii) that the first and second order statistics (for MMSE) and the complete distributions (for MLSD) of the underlying disturbances are known exactly.

In practice, both the above assumptions are often violated. H(z) is typically not known beforehand and must be determined via some identification procedure (say, by transmitting training sequences). This invariably leads to modeling errors, which must be relegated to the additive dusturbance {v_i}. Once {v_i} has components due to modeling errors and interference, it is difficult to determine what statistics, or distributions, it may have (or whether it is truly stochastic at all).

1By a minimum phase matrix function M(z), we mean one which is causal and causally invertible, i.e., one for which M(z) and M^−1(z) are both analytic on |z| ≥ 1.

Therefore a natural question to ask is what the performance of such equalizers will be if the assumptions on the disturbances are violated, or if we have modeling errors? In other words:

- is it possible that small disturbances and modeling errors may lead to large estimation errors?

Intuitively, a non-robust equalizer is one for which the above is true, i.e., one for which small disturbances may lead to large estimation errors. A robust equalizer is one for which small disturbances lead to small estimation errors.

The problem of robust equalization, or, more fundamentally, robust estimation, is an important one. In the next section, we shall describe the H^∞ estimation framework which is an attempt at addressing the robusntess question. Any approach to robust estimation requires a measure of largeness and smallness (for the signals involved), and in the H^∞ framework this measure is energy. The idea is to come up with estimators that minimize (or in the suboptimal case, bound) the maximum energy gain from the disturbances to the estimation errors. This will guarantee that if the disturbances are small (in energy) then the estimation errors will be as small as possible (in energy), no matter what the disturbances are. The robustness of the H^∞ estimators arises from this fact. However, since they make no assumption about the disturbances and have to accommodate for all conceivable ones, they may be over-conservative. (For more on H^∞ estimation see [2, 3, 4, 5, 6, 7] and the references therein.)

3 H^∞ Estimation

A general estimation problem is shown in Fig. 3, where {u_i ∈ C^m} is an unknown input sequence, {v_i ∈ C^p} is an unknown additive disturbance sequence, {y_i ∈ C^p} is a known measurement sequence, and H(z) and L(z) are known causal and stable linear time-invariant systems. The goal is to construct the linear time-invariant K(z) (called the estimator) to estimate the unobservable desired sequence {s_i ∈ C^q } from the observations {y_i}. The estimates are denoted by {ŝ_i}. Clearly, the equalization problem is a special case of this formulation with L(z) = I_m.

The behavior of any estimator K(z) can be captured by the induced transfer matrix, say T_K (z), that maps the unknown disturbances {u_i} and {v_i} to the estimation errors {s_i − ŝ_i}:

T_K : u_i v_i → {s_i − ŝ_i} . (8)

Now using Fig. 3, we readily see T_K (z) = [ L(z) − K(z)H(z) −K(z) ] . (9)

h - - - - - - ? u_i H(z)

L(z)

K(z) v_i y_i ŝ_i

s_i

Figure 2: A general estimation problem.

In estimation our goal is to make the transfer matrix T_K (z) small in some sense. For example, in MMSE estimation the (so-called) H^2 norm of T_K (z) is minimized, where

‖T_K (z)‖_2^Δ= ( 1 2π ∫_{2π} 0 trace [ T_K (e^{jω} )T^∗_K (e^{jω} ) ] dω )1/2 . (10)

In H^∞ estimation the goal is to choose K(z) to minimize the H^∞ norm of T_K (z).

Definition 1 (The H^∞ Norm) Suppose that the stable linear time-invariant system with transfer matrix T (z) maps the input sequence u = {u_i} to the output sequence y = {y_i}. Then the H^∞ norm of T (z) is defined as ‖T (z)‖_∞^Δ= sup_{u∈l2,u≠0} ‖y‖_2 ‖u‖_2 (11)

where ‖a‖^2^Δ= ∑_∞ i=−∞ a ∗ i a_i and l^2 denotes the space of all square-summable sequences.

The H^∞ norm has the following wellknown frequency domain characterization, ‖T (z)‖_∞ = sup_{0≤ω≤2π} σ̄ [ T (e^{jω}) ] = sup 0≤ω≤2π λ^{1/2}max [ T (e^{jω})T^∗(e^{jω} ) ] , (12)

where σ̄(·) denotes the maximum singular value of its argument. Thus the H^∞ norm, which is the square-root of the maximum input-output energy gain, is simply the peak of the frequency response, or the maximum amplification obtained when applying sinusoidal signals to T (z).

The H^∞ estimation problem can thus be formulated as follows.

Problem 1 (Optimal H^∞ Estimation Problem) Find a causal estimator K(z) that satisfies

inf_{K(z)} ‖T_K (z)‖_∞ = inf_{K(z)} ‖ ‖ ‖ [ L(z) − K(z)H(z) −K(z) ]‖ ‖ ‖_∞ . (13) Moreover, find the resulting γ_{opt}^Δ= inf_{K(z)} ‖T_K (z)‖_∞.

There is a related noncausal H^∞ estimation problem in which the only difference is that the causality constraint on K(z) is removed. In fact, the noncausal H^∞ estimation problem is very easy to solve.

Theorem 1 (Noncausal H^∞-Optimal Estimator) The optimal H^∞ norm for the problem

min_{K(z)} ‖T_K (z)‖_∞ , T_K (z) = [ L(z) − K(z)H(z) −K(z) ] (14)

is given by γ_s = ‖ ‖ ‖L(z) [ I + H^∗(z^{−∗})H(z) ]_{−1} L^∗(z^{−∗}) ‖ ‖ ‖^{1/2}_∞ . (15)

Moreover, one noncausal H^∞-optimal solution is given by the Wiener smoother,

K_s(z) = L(z)H^∗(z^{−∗}) [ I + H(z)H^∗(z^{−∗}) ]_{−1} , (16)

which has the additional property that for all K(z),

T_{Ks} (e^{jω} )T^∗_{Ks} (e^{jω}) ≤ T_K (e^{jω} )T^∗_K (e^{jω}), ∀ω ∈ [0, 2π]. (17)

Proof: Note that using a completion of squares argument we may write

T_K (e^{jω})T^∗_K (e^{jω} ) = ( L(e^{jω}) − K(e^{jω})H(e^{jω} ) ) ( L(e^{jω} ) − K(e^{jω})H(e^{jω} ) )_∗ + K(e^{jω})K(e^{jω} )^∗ = ( K(e^{jω}) − K_s(e^{jω} ) ) ( I + H(e^{jω})H^∗(e^{jω} ) ) ( K(e^{jω} ) − K_s(e^{jω} ) )_∗ + L(e^{jω}) [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} L^∗(e^{jω}). Clearly, choosing K(z) = K_s(z) minimizes T_K (e^{jω} )T^∗_K (e^{jω} ) for all frequencies, thereby establishing (17). Since it also minimizes T_K (e^{jω} )T^∗_K (e^{jω} ) at its peak frequency, K_s(z) is H^∞-optimal. Finally, the expression for γ_s follows from T_{Ks} (e^{jω})T^∗_{Ks} (e^{jω} ) = L(e^{jω}) [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} L^∗(e^{jω}).

Thus the H^2-optimal Wiener smoother is also H^∞-optimal and, moreover, outperforms all other linear estimators (causal and noncausal) at all frequencies.

Unlike the noncausal case, closed-form expressions for the causal H^∞-optimal estimators are generally not available,^2 and one normally relaxes the optimization condition and settles for a suboptimal solution.

Problem 2 (Suboptimal H^∞ Estimation Problem) Given a γ > 0, find a causal estimator K(z) that guarantees ‖T_K (z)‖_∞ = ‖ ‖ ‖ [ L(z) − K(z)H(z) −K(z) ]‖ ‖ ∞ < γ. (18) This clearly requires checking whether γ ≥ γ_{opt}.

2A special case for which optimal solutions can be explicitly found is the equalization problem studied in this paper.

Note also that the optimal solution, corresponding to γ_{opt}, can be found by applying a bisection method to the γ of the above Problem.

The causality requirement on K(z) makes the solution to the suboptimal H^∞ estimation problem much more involved, so that additional machinery is required for the solution.

Theorem 2 (H^∞ Suboptimal Estimators) Given γ > 0, a causal estimator K(z) that achieves ‖ ‖ ‖ [ L(z) − K(z)H(z) −K(z) ]‖ ‖ ‖_∞ < γ, exists if, and only if, there exists a canonical factorization of the form I + H(z)H^∗(z^{−∗}) −H(z)L^∗(z^{−∗}) −L(z)H^∗(z^{−∗}) −γ^2I + L(z)L^∗(z^{−∗}) = L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) I 0 0 −I L^∗_{11}(z^{−∗}) L^∗_{21}(z^{−∗}) L^∗_{12}(z^{−∗}) L^∗_{22}(z^{−∗}) , (19) with

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) causal and causally invertible, L^{−1}_{11} (z) causal, and L12(z) strictly causal. If this is the case, then all possible H^∞ estimators of level γ are given by

K(z) = (L_{22}(z)S(z) − L_{21}(z)) (L_{11}(z) − L_{12}(z)S(z))^{−1} , (20)

where S(z) is any causal and strictly contracive transfer matrix, i.e., S(z) is causal and is such that S(e^{jω} )S^∗(e^{jω} ) < I. An important choice results from taking S(z) = 0, so that

K_{cen}(z) = −L_{21}(z)L^{−1}_{11} (z), (21)

which is the so-called “central” filter.

Proof: The proof is detailed and is given in App. A.

In the above statement by

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) causally invertible, we mean that all elements of its inverse must be causal. By L_{12}(z) strictly causal, we mean that it should be causal and L_{12}(∞) = 0. In other words, it should have a Laurent series expansion of the form

L_{12}(z) = l_{12,1}z^{−1} + l_{12,2}z^{−2} + . . . .

The factorization (19) is known as a J-spectral factorization [14, 15], and is the indefinite extension of conventional spectral factorization. When γ > γ_s = ‖ ‖ ‖L(z) [I + H^∗(z^{−∗})H(z)]^{−1} L^∗(z^{−∗}) ‖ ‖ ‖^{1/2}_∞ , it turns out that the factorization (19), with only the requirement of having causal and causally invertible spectral factors, can generically always be performed. Moreover, the spectral factors are highly nonunique since they can be pre-multiplied by any J-unitary transfer matrix, as follows

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z)

Θ(z) with Θ(z) I 0 0 −I Θ^∗(z^{−∗}) = I 0 0 −I . (22)

However, Theorem 2 requires more than the causal and causal invertibility properties of the spectral factor, namely, it requires that L^{−1}_{11} (z) should be causal and that L_{12}(z) should be strictly causal. As we shall see in the solution to the equalization problem, this is of crucial importance and is what makes the existence condition for causal filters more stringent than the existence condition for noncausal ones.

When they exist, the level-γ H^∞ estimators are highly nonunique. [Even the optimal H^∞ estimators, corresponding to γ_{opt}, are nonunique.] Eq. (20) gives a parametrization of all possible solutions. Therefore different H^∞ solutions may have varying performance with respect to other performance criteria.

The level-γ central solution (21) has further interesting properties. It maximizes the following (so-called) entropy cost ϵ_K = ∫_{2π} 0 log det [ γ^2I − T_K (e^{jω} )T^∗_K (e^{jω} ) ] dω, (23) (see e.g., [16] and the proof of Theorem 2) and is therefore known as the maximum entropy solution. It is also risk-sensitive optimal [17, 18] in the following sense: Assume that the {u_j } and {v_j } are zero-mean, uncorrelated and temporally white Gaussian stochastic processes with unit variance, i.e.,

E u_i v_i [ u^∗_j v^∗_j ] = I_m 0 0 I_p δij , (24)

then the level-γ central solution H^∞ solution minimizes

γ^2log [ E exp ( 1 2γ^2

(s_i − ŝ_i)^∗(s_i − ŝ_i) )] . (25)

Thus, central H^∞ filters minimize, not the expected squared estimation error as H^2 filters do, but the expected value of the exponential of the squared estimation error [19, 20].

4 H^∞ Equalization

As mentioned earlier, the equalization problem is a special case of the general estimation problem of Sec. 3 corresponding to L(z) = I_m. Thus in the H^∞ approach to equalization the goal is to minimize ‖ ‖ ‖ [ I_m − K(z)H(z) −K(z) ]‖ ‖ ‖_∞.

We should also mention that it is possible to slightly generalize the estimation problem of Sec. 3 by introducing certain weighting matrices. Thus, in the noncausal case our objective will be to find K(z) to solve inf_{K(·)} sup u,v∈l2,u,v,≠0 ‖u − û‖^2_Q ‖u‖^2_Q + ‖v‖^2_R Δ= γ^2_s , (26) where we have defined

‖u‖^2_Q = ∞∑ i=−∞ u^∗_i Q^{−1}u_i and ‖v‖^2_R = ∞∑ i=−∞ v^∗_i R^{−1}v_i (27)

and where Q > 0 and R > 0 are given weighting matrices that reflect our relative uncertainty about the unknown disturbances {u_i} and {v_i}. Likewise, in the causal case our objective will be to find a causal K(z) to solve inf causal K(·) sup u,v∈l2,u,v≠0 ‖u − û‖^2_Q ‖u‖^2_Q + ‖v‖^2_R Δ= γ^2_{opt}. (28) It is thus straightforward to see that, in this case, we are interested in minimizing the H^∞ norm of the transfer operator from {Q^{−1/2}u_i, R^{−1/2}v_i} to {Q^{−1/2}(u_i − û_i)} which is seen to be [ Q^{−1/2} (I_m − K(z)H(z)) Q^{1/2} −Q^{−1/2}K(z)R^{1/2} ] = [ I_m − Q^{−1/2}K(z)H(z)Q^{1/2} −Q^{−1/2}K(z)R^{1/2} ] . (29) Thus defining, K^′(z)^Δ= Q^{−1/2}K(z)R^{1/2} and H^′(z)^Δ= R^{−1/2}H(z)Q^{1/2}, we see that we can rewrite this transfer matrix as [ I_m − K^′(z)H^′(z) −K^′(z) ] . (30) Thus there is no loss of generality in assuming Q = I_m and R = I_p, and we shall do so throughout. We should also remark that one can give the following inequality for γ_s and γ_{opt}: γ_s ≤ γ_{opt} ≤ 1. (31) The inequality γ_s ≤ γ_{opt} is quite clear, since noncausal equalizers have access to more information than causal ones and cannot therefore have worse performance. The second inequality follows from the fact that if we perform no equalization, i.e., K(z) = 0, then we have {û_i} = {0}, and we may write ‖u − û‖^2_Q ‖u‖^2_Q + ‖v‖^2_R = ‖u‖^2_Q ‖u‖^2_Q + ‖v‖^2_R ≤ 1. Thus γ = 1 is the worst-case energy gain obtained from doing no equalization.

Therefore how much the optimal values of γ_s and γ_{opt} can be reduced from unity shows how successful we are in the equalization problem.

4.1 The Noncausal Case

The solution in this case is a special case of Theorem 1 and is given below.

Theorem 3 (Noncausal H^∞-Optimal Equalizer) The optimal H^∞ norm for the problem

min_{K(z)} ‖ ‖ ‖ [ I_m − K(z)H(z) −K(z) ]‖ ‖ ∞ (32)

is given by γ^2_s = sup_{ω∈[0,2π]} σ̄ [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} . (33) Moreover, one noncausal H^∞-optimal solution is given by the noncausal MMSE equalizer,

K_s(z) = H^∗(z^{−∗}) [ I + H(z)H^∗(z^{−∗}) ]_{−1} , (34)

which has the additional property that for all K(z).

T_{Ks} (e^{jω} )T^∗_{Ks} (e^{jω}) ≤ T_K (e^{jω} )T^∗_K (e^{jω}), ∀ω ∈ [0, 2π]. (35)

Remarks:

(i) Focusing on the scalar case is instructive. In this case, we have

γ^2_s = sup_{ω∈[0,2π]} 1 1 + |H(e^{jω} )|^2

. (36)

In other words, γ_s is achieved at those frequencies for which | |H(ejω) | |^2 takes its smallest value.

(ii) Consider now the general case where H(z) is a p × m transfer matrix. If m > p (so that there are more signals to estimate than to observe), we have

γ_s = 1, (37)

since H^∗(z^{−∗})H(z) will be rank deficient. More importantly, in the case of a square channel (p = m), if the channel has a unit circle zero then γ_s = 1 (since H^∗(e^{jω} )H(e^{jω}) will be rank deficient at the frequency where the zero occurs).

(iii) Recall from our earlier discusions that γ_s = 1 implies that we have no improvement over not equalizing at all (K(z) = 0). This is quite clear when we have a unit circle zero, corresponding to frequency ω_1, say. In this case the output of the channel cannot contain sinusoids of frequency ω_1, and hence if {u_i} is precisely such a sinusoid, then we cannot estimate it since we cannot observe it at the output of H(z).

5 Causal H^∞ Equalization

Our main results are concerned with the case where the equalizer is restricted to being causal.

5.1 The Square Case

In this section we shall assume that p = m, i.e., that the number of input and observations signals coincide. We shall presently show that, in this case, we can find an explicit expression for the factorization (19) of Theorem 2. This is what allows us to, contrary to general H^∞ estimation problems, obtain a closed-form solution to the causal H^∞ equalization problem.

5.1.1 J-Spectral Factorization in the Square Case Note that in the equalization problem the transfer matrix whose J-spectral factorization we are seeking is given by, I + H(z)H^∗(z^{−∗}) −H(z) −H^∗(z^{−∗}) −γ^2I + I . (38) [We have taken L(z) = I_m in (19).] Since we know γ ≥ 1 is achievable, let us consider (38) for a given γ_s < γ < 1. Once γ is strictly less than one we may perform the following block upper-diagonal-lower (UDL) factorization, I + H(z)H^∗(z^{−∗}) −H(z) −H^∗(z^{−∗}) −γ^2I + I =

I −^{H(z)}_{1−γ2} 0 I

I + H(z)H^∗(z^{−∗}) − H(z)H^∗(z^{−∗}) 1 − γ^2 I−^γ 2 1−γ2 H(z)H ∗ (z^{−∗}) 0

0 I − γ^2I

I 0 −^{H∗(z−∗)} 1−γ2 I

. (39)

Now since γ > γ_s, we have γ^2I > [ I + H^∗(e^{jω})H(e^{jω} ) ]_{−1} ⇒ γ^{−2}I < I + H^∗(e^{jω} )H(e^{jω} ) ⇒ (γ^{−2} − 1)I < H^∗(e^{jω} )H(e^{jω} ) ⇒ (γ^{−2} − 1)H^{−∗}(e^{jω} )H^{−1}(e^{jω} ) < I ⇒ γ^2 1 − γ^2 H(e^{jω})H^∗(e^{jω}) > I, where in the fourth step we have used our assumption that γ_s < 1, so that H(e^{jω} ) is full rank for all ω.

The last inequality implies that we can introduce the canonical spectral factorization

Δ(z)R_ΔΔ^∗(z^{−∗}) = γ^2 1 − γ^2

H(z)H^∗(z^{−∗}) − I > 0, (40)

with Δ(z) monic (Δ(∞) = I) and causal and causally invertible, and R_Δ > 0. With this definition we can write the factorization (39) as I + H(z)H^∗(z^{−∗}) −H(z) −H^∗(z^{−∗}) −γ^2I + I = Δ(z)R^{1/2}_Δ −^{H(z)}√_{1−γ2} 0 √ 1 − γ^2I −I 0 0 I R^{∗/2}_Δ Δ^∗(z^{−∗}) 0 −^{H∗(z−∗)} √_{1−γ2} √ 1 − γ^2I

= −^{H(z)} √_{1−γ2} Δ(z)R^{1/2}_Δ √ 1 − γ^2I 0 I 0 0 −I −^{H∗(z−∗)} √_{1−γ2} √ 1 − γ^2I R^{∗/2}_Δ Δ^∗(z^{−∗}) 0 .

Note that the above factorization is a J-spectral factorization since the spectral factor

P (z)^Δ= −^{H(z)} √_{1−γ2} Δ(z)R^{1/2}_Δ √ 1 − γ^2I 0 , (41)

is causal, and causally invertible, since

P^{−1}(z) =

0^1√_{1−γ2} I R^{−1/2}_Δ Δ^{−1}(z)^{R−1/2Δ Δ−1(z)H(z)} 1−γ2 . (42)

is causal. However, it is not quite the desired factorization of Theorem 2 since the block (1, 2) entry, P_{12}(z), is not strictly causal. To transform P (z) into a transfer matrix such that the (1, 2) entry is strictly causal, we must premultiply P (z) by an appropriate constant^3 J-unitary matrix, Θ. In fact, we need only concentrate on P (∞). Thus, we must have

P (∞)Θ =

−^{h0}√_{1−γ2} R^{1/2}_Δ √ 1 − γ^2I 0

Θ_{11} Θ_{12} Θ_{21} Θ_{22} = A 0 B C . (43)

Since Θ is J-unitary we have

P (∞)JP^∗(∞) = A 0 B C J A^∗ B^∗ 0 C^∗ , J = I 0 0 −I . (44)

Comparing the (1, 1) block entries in the above equality we have h_0h^∗_0 1 − γ^2

− R_Δ = AA^∗, (45)

which implies that A = (_{h0h∗0} 1−γ2 − RΔ )_{1/2} and that P_{12}(z) can be made strictly causal only if, h_0h^∗_0 1 − γ^2

− R_Δ > 0. (46)

3The J-unitary matrix must be constant so as not to destroy the causal and causal invertibility property of P (z).

Comparing the (2, 1) block entries of (44) yields

−h^∗_0 = BA^∗, (47)

so that B = −h^∗_0A^{−∗}. Finally, comparing the (2, 2) block entries yields

(1 − γ^2)I = BB^∗ − CC^∗, (48) or, CC^∗ = −(1 − γ^2)I + h^∗_0 ( h_0h^∗_0 1 − γ^2 − R_Δ )_{−1} h_0 = (1 − γ^2)^2 [ h^∗_0R^{−1}_Δ h_0 − (1 − γ^2)I ]_{−1} , so that C = (1−γ^2) [ h^∗_0R^{−1}_Δ h_0 − (1 − γ^2)I ]_{−∗/2} . We should also remark that (46) guarantees h^∗_0R^{−1}_Δ h_0− (1 − γ^2)I > 0 so that C is well defined. Indeed, two different block lower-diagonal-upper and block upper-diagonal-lower factorizations of the matrix

N = (1 − γ^2)I h^∗_0

h_0 R_Δ ,

show that the matrices (1 − γ^2)I 0 0 R_Δ −^{h0h∗0}_{1−γ2} and (1 − γ^2)I − h^∗_0R^{−1}_Δ h_0 0 0 R_Δ are congruent and therefore must have the same inertia. Since (1 − γ^2)I > 0 and R_Δ −^{h0h∗0}_{1−γ2} < 0, we conclude that N has m positive eigenvalues and m negative eigenvalues. Moreover, since R_Δ > 0, we conclude that (1 − γ^2)I − h^∗_0R^{−1}_Δ h_0 < 0, which is the desired result.

Having found the elements {A, B, C}, we can now find the desired J-unitary matrix,

Θ = −^{h0}√_{1−γ2} R^{1/2}_Δ √ 1 − γ^2I 0

−1 A 0 B C

= 0 −^1√_{1−γ2} I R^{−1/2}_Δ^{R−1/2Δ h0}_{1−γ2} A 0 −h^∗_0A^{−∗} C ,

and thereby the desired canonical factor L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) = P_{11}(z) P_{12}(z) P_{21}(z) P_{22}(z)

Θ. (49)

The results of this section are summarized in the following lemma.

Lemma 1 (J-Spectral Factorization) Suppose the m × m causal matrix function H(z) = h_0 + h_1z^{−1} + . . . has full rank on |z| = 1, and let γ be such that

1 > γ^2 > sup_{ω∈[0,2π]} σ̄ [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} . (50)

Then a factorization of the form I + H(z)H^∗(z^{−∗}) −H(z) H^∗(z^{−∗}) −γ^2I + I = L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) I 0 0 −I L^∗_{11}(z^{−∗}) L^∗_{21}(z^{−∗}) L^∗_{12}(z^{−∗}) L^∗_{22}(z^{−∗}) , (51) with

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) causal and causally invertible, and L12(z) strictly causal, exists if, and only if, h_0h^∗_0 1 − γ^2

− R_Δ > 0, (52) where R_Δ is found from the canonical spectral factorization

Δ(z)R_ΔΔ^∗(z^{−∗}) = γ^2 1 − γ^2

H(z)H^∗(z^{−∗}) − I > 0, (53)

with Δ(z) monic and causal and causally invertible. If this is the case, then we have L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) = [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_{A−∗} 1−γ2 −H(z)+Δ(z)h0 1−γ2 C −h^∗_0A^{−∗} C , (54)

where A and C are found the factorizations AA^∗ = h_0h^∗_0 1 − γ^2

− R_Δ and CC^∗ = (1 − γ^2)^2 [ h^∗_0R^{−1}_Δ h_0 − (1 − γ^2)I ]_{−1} . (55)

From the above lemma, and using Theorem 2, it follows that a level-γ H^∞ equalizer exists if, and only if, (52) is satisfied and

L^{−1}_{11} (z) = (1 − γ^2)A^∗ [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_{−1} is causal. (56)

Thus our problem is reduced to checking (52) and (56). This may appear to be a formidable task, but we shall presently see that the answer depends upon whether H(z) is minimum phase or not.

5.1.2 The Minimum Phase Case Let us first assume that the m × m causal matrix function H(z) is minimum phase, i.e., that its inverse H^{−1}(z) is causal. Then we have the following result.

Lemma 2 Consider the setting of Lemma 1 and suppose that H(z) is minimum phase. Then for all γ

satisfying (50) we have h_0h^∗_0 1 − γ^2

− R_Δ > 0. (57)

Proof: Note that from (53),

Δ(e^{jω} )R_ΔΔ^∗(e^{jω} ) = γ^2 1 − γ^2 H(e^{jω} )H^∗(e^{jω} ) − 1. Thus,

(1 − γ^2)Δ(e^{jω} )R_ΔΔ^∗(e^{jω} ) = γ^2H(e^{jω})H^∗(e^{jω} ) − (1 − γ^2) < H(e^{jω} )H^∗(e^{jω} )

⇒ H^{−1}(e^{jω} )Δ(e^{jω} )(1 − γ^2)R_ΔΔ^∗(e^{jω} )H^{−∗}(e^{jω} ) < I (58)

⇒ H^{−1}(e^{jω} )Δ(e^{jω} )h_0h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 h^∗_0Δ^∗(e^{jω} )H^{−∗}(e^{jω} ) < I.

Now the transfer matrix M(z)^Δ= H^{−1}(z)Δ(z)h_0 is causal (since H^{−1}(z) and Δ(z) are causal) and

monic (since M(∞) = H^{−1}(∞)Δ(∞)h_0 = h^{−1}_0 · I · h_0 = I), and we may write

M(z) = I + m_1z^{−1} + m_2z^{−2} + . . . .

Therefore ( I + m_1e^{−jω} + . . . ) h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 ( I + m_1e^{−jω} + . . . )_∗ < I ⇒ 1 2π ∫_{2π} 0 ( I + m_1e^{−jω} + . . . ) h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 ( I + m_1e^{−jω} + . . . )_∗ dω < 1 2π ∫_{2π} 0 Idω ⇒ h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 + m_1h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 m^∗_1 + . . . < I

⇒ h^{−1}_0 (1 − γ^2)R_Δh^{−∗}_0 < I

⇒ (1 − γ^2)R_Δ < h_0h^∗_0.

The next result establishes the causal invertibility of L_{11}(z).

Lemma 3 Consider the setting of Lemma 1 and suppose that H(z) is minimum phase. Then for all γ

satisfying (50) the transfer matrix

L^{−1}_{11} (z) = (1 − γ^2)A^∗ [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_{−1} , (59)

is causal.

Proof: Let us first write

L^{−1}_{11} (z) = (1 − γ^2)A^∗h^{−∗}_0 [ I − (1 − γ^2)H^{−1}(z)Δ(z)R_Δh^{−∗}_0 ]_{−1} H^{−1}(z), where we have used the fact that h_0 is invertible since H(z) is minimum phase (if h_0 is singular, then H(z) will have a zero at z = ∞). Now since H^{−1}(z) is causal, L^{−1}_{11} (z) will be causal if [ I − (1 − γ^2)H^{−1}(z)Δ(z)R_Δh^{−∗}_0 ]_{−1} is causal. We shall presently show this by appealing to Lemma 9 in App.B, and showing that A(z)^Δ= (1 − γ^2)H^{−1}(z)Δ(z)R_Δh^{−∗}_0 , (60) is a strict contraction. Indeed,

A(e^{jω} )A^∗(e^{jω} ) = (1 − γ^2)H^{−1}(e^{jω} )Δ(e^{jω} )R_Δ h^{−∗}_0 h^{−1}_0

< 11_{−γ}2 R^−1Δ

R_ΔΔ^∗(e^{jω})H^{−∗}(e^{jω})(1 − γ^2)

< H^{−1}(e^{jω} )Δ(e^{jω} )(1 − γ^2)R_ΔΔ^∗(e^{jω} )H^{−∗}(e^{jω} ) < I, where in the second step we used h_0h^∗_0 > (1 − γ^2)R_Δ so that h^{−∗}_0 h^{−1}_0 <^1_{1−γ2} R^{−1}_Δ , and where in the last step we used (58).

The above lemmas show that, in the minimum phase case, whenever a J-spectral factorization exists, then L_{12}(z) can be made strictly causal and L_{11}(z) can be made causally invertible. This essentially means that in the minimum phase case, we have γ_{opt} = γ_s.

5.1.3 The Non-Minimum Phase Case We now assume that the m×m causal matrix function H(z) is non-minimum phase, i.e., that its inverse H^{−1}(z) is noncausal. Here we have the following result.

Lemma 4 Consider the setting of Lemma 1 and suppose that H(z) is non-minimum phase, and that h_0h^∗_0 1 − γ^2

− R_Δ > 0. (61)

Then the transfer matrix

L^{−1}_{11} (z) = (1 − γ^2)A^∗ [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_{−1} , (62)

is noncausal.

Proof: First note that we may write

L^{−1}_{11} (z) = −A^∗R^{−∗/2}_Δ [ I − R^{−1/2}_Δ Δ^{−1}(z)H(z)h^∗_0R^{−∗/2}_Δ ]_{−1} R^{−1/2}_Δ Δ^{−1}(z).

Now when (61) holds, using an argument similar to the one presented in the proof of Lemma 3, one can show that the causal transfer matrix,

C(z)^Δ= R^{−1/2}_Δ Δ^{−1}(z)H(z)h^∗_0R^{−∗/2}_Δ , (63)

is a strict expansion, i.e., C(e^{jω} )C(e^{jω} ) > I, ∀ω. Note moreover, that since, H^{−1}(z) is noncausal, and

H^{−1}(z) = h^∗_0R^{−∗/2}_Δ C^{−1}(z)R^{−1/2}_Δ Δ^{−1}(z),

the transfer matrix C^{−1}(z) is noncausal as well. (Otherwise, the noncausal H^{−1}(z) would be the product of causal transfer matrices). Lemma 10 now implies that, since C(z) is a causal expansion and C^{−1}(z) is noncausal, the transfer matrix (I − C(z))^{−1} must be noncausal. This in turn implies that L^{−1}_{11} (z) is noncausal, since

(I − C(z))^{−1} = −R^{∗/2}_Δ A^{−∗}L^{−1}_{11} (z)Δ(z)R^{1/2}_Δ ,

cannot be the product of causal transfer matrices.

Recall that for a level-γ H^∞ equalizer, with γ < 1, to exist we require both conditions (52) and (56). What we have just shown is that, when H(z) is non-minimum phase, even if (52) is satisfied (56) is not. This essentially means that in the non-minimum phase case we have,

γ_{opt} = 1, (64)

since γ = 1 is always achievable by K(z) = 0.

5.1.4 Main Result We are now in a position to the state the main result of this paper.

Theorem 4 (H^∞ Equalization in the Square Case) Consider the m × m causal transfer matrix H(z) = h_0 + h_1z^{−1} + h_2z^{−2} + . . ., and suppose that we want to solve the problem min causal K(·) ‖ ‖ ‖ [ I − K(z)H(z) −K(z) ]‖ ‖ ‖_∞^Δ= γ^{opt}.

(i) If H(z) is minimum phase, i.e., if H^{−1}(z) is analytic on |z| ≥ 1, then the minimax energy gain is given by γ^2_{opt} = sup_{ω∈[0,2π]} σ̄ [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} . (65)

Moreover, for any γ > γ_{opt}, all causal equalizers that guarantee ‖ ‖ ‖ [ I − K(z)H(z) −K(z) ]‖ ‖ ‖ 2 ∞ ≤ γ^2 are given by K(z) = (L_{22}(z)S(z) − L_{21}(z)) (L_{11}(z) − L_{12}(z)S(z))^{−1} , (66) where the L_{ij} (z) are given by

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) = [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_A−∗ 1−γ2 −H(z)+Δ(z)h0 1−γ2 C −h^∗_0A^{−∗} C , (67)

with the monic and minimum phase transfer matrix Δ(z) and the matrix R_Δ found from the canonical spectral factorization,

Δ(z)R_ΔΔ^∗(z^{−∗}) = γ^2 1 − γ^2

H(z)H^∗(z^{−∗}) − I > 0, (68)

where the matrices {A, C} are found from the factorizations, AA^∗ = h_0h^∗_0 1 − γ^2

− R_Δ and CC^∗ = (1 − γ^2)^2 [ h^∗_0R^{−1}_Δ h_0 − (1 − γ^2)I ]_{−1} (69)

and where S(z) is any causal contraction contraction, i.e., S(z) is analytic on |z| ≥ 1 and S^∗(z^{−∗})S(z) ≤ I, ∀ |z| = 1. (70)

(ii) If H(z) is non-minimum phase, i.e., if H^{−1}(z) is not analytic on |z| ≥ 1, then the minimax energy gain is given by γ_{opt} = 1. (71)

Remarks:

(i) Note that when H(z) is minimum phase, γ_{opt} = γ_s! This implies that for minimum phase channels causal equalizers perform as well as noncausal ones, and that (from an H^∞ point of view) there is no gain in knowing future values of the observations signal {y_i}.

(ii) Recall from Theorem 3, that the central noncausal equalizer at least outperforms all other equalizers (causal or noncausal) at all frequencies. Theorem 4 therefore states that if H(z) is minimum phase, then the central noncausal equalizer cannot outperform the best causal equalizer in terms of its worst-case performance (which occurs at certain frequencies).

(iii) However, if H(z) is non-minimum phase, then γ_{opt} = 1! Thus causal equalization of non-minimum phase channels is not possible, since γ = 1 is the same bound obtained by not equalizing at all (K(z) = 0).

(iv) Suppose now that H(z) is rational. Then if all the zeros of H(z) lie strictly inside the unit circle, causal equalizers perform as good as noncausal ones. As soon as a zero lies on the unit circle then equalization is not possible (γ_s = γ_{opt} = 1) since the channel cannot pass certain frequencies. However, as soon as a zero crosses the unit circle noncausal equalizers can now perform whereas causal ones cannot. There is therefore a clear transition occuring at the unit circle and a strict dichotomy between minimum phase and non-minimum phase channels as far as causal equalization is concerned.

(v) Some understanding of the result of Theorem 4 for non-minimum phase channels can be obtained by considering the simple (perhaps the simplest) non-minimum phase channel H(z) = z^{−1} (a pure delay). In this case it is quite clear that causal equalization is not possible, since at time i the equalizer has access only to noisy observations of {u_j }^{i−1}_{j=−∞} and has no knowledge of u_i in order to be able to estimate it.

(vi) A similar behaviour to Theorem 4 can be observed had we studied the equalization problem from an H^2 point of view, though the result is not as pronounced. In the scalar case (which for simplicity we shall only consider) the H^2 norm of the H^2-optimal causal equalizer is given by

d_2 = 1 −

|h_0|^2 R_e , (72)

where R_e is found from the spectral factorization

1 + H(z)H^∗(z^{−∗}) = M^∗(z^{−∗})R_eM(z), (73)

with M(z) monic and minimum phase. It is now easy to show that for all channels, H_1(z) and H_2(z), that have the same spectrum (i.e., 1 + H_1(z)H^∗_1 (z^{−∗}) = 1 + H_2(z)H^∗_2 (z^{−∗})), so that noncausal equalizers have the same performance, |h_0|^2 is largest for the minimum phase channel. Thus d_2 is smallest for the minimum phase channel which means that the corresponding equalizer has the best H^2 performance. (In fact, it can also be shown that d_2 increases as the number of non-minimum phase zeros increases.)

5.1.5 Special Cases

Theorem 4 gives a full parametrization of all possible level-γ H^∞ equalizers in terms of a causal strict contraction, S(z). The most natural choice is S(z) = 0, which corresponds to the central equalizer

K_{cen}(z) = (1 − γ^2)h^∗_0 [ H(z)h^∗_0 − (1 − γ^2)Δ(z)R_Δ ]_{−1} . (74)

As mentioned earlier, the central equalizer has various other desirable optimality properties, such as being risk-sensitive optimal and being the maximum entropy solution. We shall not go into the details here, and shall just mention that the risk-sensitive optimality property of minimizing

E exp [ 1 2γ^2

(u_i − û_i)^∗(u_i − û_i) ] , (75)

may be useful for digital communications since exponentially larger penalties are being applied to larger estimation errors, which is typically where detection errors (detecting a 0 as a 1, say) occur. This observation is studied in more detail in [21] with mixed results.

A less obvious, but nonetheless intriguing, choice is

S(z) = −(1 − γ^2)C^{−1}h^{−1}_0 R_ΔA^{−∗}, (76)

a constant matrix. Indeed S(z) is a strict contraction since

CC^∗ = (1 − γ^2)^2 [ h^∗_0R^{−1}_Δ h_0 − (1 − γ^2)I ]_{−1}

= (1 − γ^2)^2 [ h^{−1}_0 R_Δh^{−∗}_0 − h^{−1}_0 R_Δh^{−∗}_0 [ h^{−1}_0 R_Δh^{−∗}_0 − 1 1 − γ^2 I ]_{−1} h^{−1}_0 R_Δh^{−∗}_0 ]

= (1 − γ^2)^2 [ h^{−1}_0 R_Δh^{−∗}_0 − h^{−1}_0 R_Δ [ R_Δ − h_0h^∗_0 1 − γ^2 ]_{−1} R_Δh^{−∗}_0 ]

= (1 − γ^2)^2h^{−1}_0 R_Δh^{−∗}_0 + (1 − γ^2)^2h^{−1}_0 R_ΔA^{−∗}A^{−1}R_Δh^{−∗}_0

< (1 − γ^2)^2h^{−1}_0 R_ΔA^{−∗}A^{−1}R_Δh^{−∗}_0 ,

so that SS^∗ = (1 − γ^2)C^{−1}h^{−1}_0 R_ΔA^{−∗}A^{−1}R_Δh^{−∗}_0 C^{−∗}(1 − γ^2) < I.

With this choice of S(z), Eq. (66) shows that we obtain

K(z) = (1 − γ^2)H^{−1}(z), (77)

i.e., one H^∞ optimal equalizer is simply a scaled version of the inverse of the channel! In other words suitably scaling the zero-forcing equalizer is H^∞-optimal.

Lemma 5 (Zero-Forcing Equalizer) For any γ such that

1 > γ^2 > sup_{ω∈[0,2π]} σ̄ [ I + H^∗(e^{jω} )H(e^{jω} ) ]_{−1} , (78)

(Eq. (78) implies that H(z) is minimum phase) the equalizer K(z) = (1 − γ^2)H^{−1}(z) achieves

‖T_K (z)‖_∞ = ‖ ‖ ‖ [ I − K(z)H(z) −K(z) ]‖ ‖ ∞ < γ. (79) Proof: We have already presented a proof in the arguments leading to the statement of the lemma. A more direct proof is also possible. Note that with K(z) = (1 − γ^2)H^{−1}(z), we have

T_K (z) = [ γ^2I −(1 − γ^2)H^{−1}(z) ] . Therefore

T_K (e^{jω})T^∗_K (e^{jω} ) = γ^4I + (1 − γ^2)^2H^{−1}(e^{jω} )H^{−∗}(e^{jω} ) < γ^4I + (1 − γ^2)^2 · γ^2 1 − γ^2 I = γ^2I, where in the second step we have used H^∗(e^{jω} )H(e^{jω}) >^{1−γ2}_{γ2} I, so that H^{−1}(e^{jω})H^{−∗}(e^{jω}) <^{γ2}_{1−γ2} I.

Note that if there were no additive disturbance present ({v_i} = {0}), the inverse of the channel would perfectly reconstruct the input signal. The scaling factor 1 − γ^2, though, is crucial here — if H(z) has zeros close to the unit circle the frequency response of H(z) will be very large at certain frequencies, resulting in large amplification of the noise at those frequencies. However, in this case γ_{opt} will be close to one, and thus the factor 1 − γ^2 prohibits such large amplifications.

Nonetheless, even though it is H^∞-optimal, scaling and inverting the plant is not a very satisfactory solution since it has poor average performance and leads to flat error spectra.

To illustrate this fact, and to compare the various equalizers considered so far, let us consider the problem of equalizing a scalar minimum phase channel, H(z). In Figs. 3-5, we have plotted the error spectra |T_K (e^{jω} )|^2, corresponding to the noncausal H^2 (or noncausal central H^∞) optimal equalizer, the causal H^2-optimal equalizer, the causal central H^∞-optimal equalizer, and the causal H^∞-optimal (scaled) zero-forcing equalizer, for several different minimum phase channels. Reviewing these figures should allow the reader to gain some perspective and “feel” for the relative performances of these different equalizers.

As can be seen, the H^2 and H^∞ optimal noncausal equalizer outperforms all other equalizers at all frequencies. Its error spectrum thus serves as a lower bound for the error spectra of all other equalizers. The H^2-optimal equalizer has the best average performance (under the appropriate stochastic

Figure 3: Inversion of the noisy channel H(z) = 1 + .7z^{−1}.

Figure 4: Inversion of the noisy channel H(z) = 1 − .3z^{−1} + .39z^{−2} − .54z^{−3} + .15z^{−4}.

Figure 5: Inversion of the noisy channel H(z) = 1+.1z^{−1}+1.12z^{−2}+.044z^{−3}+.33z^{−4}−.11z^{−5} −.12z^{−6}.

assumptions), and hence has the smallest area under the spectrum curve, among all causal estimators. The (central) H^∞-optimal and the zero-forcing H^∞-optimal equalizers have the best worst-case performance, and hence their spectra has the smallest peak, over all causal estimators. Since the channels are minimum phase, these peaks coincide with the peak of the noncausal H^∞-optimal equalizer.

These figures also indicate the tradeoffs between H^2 and H^∞ equalizers. Although H^2-optimal equalizers have the smallest area under the spectrum curve, they tend to have large peaks which correspond to nonrobust behaviour at certain frequencies. On the other hand, although the H^∞- optimal estimators are robust, and have the smallest possible peaks, they have larger areas under their spectrum curve and may have poor average performance. This is particularly true of the scaled zero-forcing equalizer which has a very “flat” spectrum.

5.2 The Non-Square Case

So far we have only considered the case of a square channel (p = m). When p ≠ m, we have the following result.

Theorem 5 (Causal H^∞ Equalizer for Nonsquare Plant) Consider the p×m causal transfer matrix H(z) = h_0 + h_1z^{−1} + h_2z^{−2} + . . ., where p ≠ m, and where we want to solve the problem min causal K(·) ‖ ‖ ‖ [ I − K(z)H(z) −K(z) ]‖ ‖ ‖_∞^Δ= γ^{opt}. (i) Suppose p > m. Then if H(z) has no zeros on or outside the unit circle γ_{opt} < 1. (80)

Otherwise γ_{opt} = 1.

(ii) Suppose p < m. Then γ_{opt} = 1. (81)

Proof: To prove part (i) let us first assume that H(z) has no zeros on |z| ≥ 1. Since p > m, This means that H(z) has a causal left inverse, i.e., there exists a m × p transfer matrix H^{−L}(z), analytic on |z| ≥ 1, such that H^{−L}(z)H(z) = I_m. Since H^{−L}(z) is analytic on |z| ≥ 1, for any λ > ‖H^{−L}(z)‖^2_∞, we can write H^{−L}(e^{jω} )H^{−L∗}(e^{jω} ) < λI, ∀ω. Now let us choose our equalizer as K(z) =^1_{1+λ} · H^{−L}(z). For this choice we have

T_K (z) = [ λ 1+λ · I −^1_{1+λ} · H^{−L}(z) ] . Thus

T_K (e^{jω} )T^∗_K (e^{jω} ) = λ^2 (1 + λ)^2 I + 1 (1 + λ)^2 H^{−L}(e^{jω} )H^{−L∗}(e^{jω} ) < λ^2 (1 + λ)^2 I + λ (1 + λ)^2 I = λ 1 + λ I < I, so that ‖T_K (z)‖_∞ < 1.

Let us now assume that H(z) has zeros on |z| ≥ 1. We shall assume that there exists a causal K(z) such that ‖T_K (z)‖_∞ < 1 and shall obtain a contradiction. Thus assume that there exists a K(z), analytic on |z| ≥ 1, such that ( I − K(e^{jω} )H(e^{jω} ) ) ( I − K(e^{jω} )H(e^{jω}) )_∗ + K(e^{jω} )K^∗(e^{jω}) < I, ∀ω. Since T_K (z) is analytic on |z| ≥ 1, the maximum-modulus principle implies that (I − K(z)H(z)) (I − K(z)H(z))^∗ + K(z)K^∗(z) < I, ∀|z| ≥ 1. (82) But assume that H(z) has a zero in |z| ≥ 1, i.e., H(w) has rank less than m for some w such that |w| ≥ 1. Let X be a corresponding right null vector of H(w), i.e., H(w)X = 0. Then we have [I − K(w)H(w)] X = X, so that unity is an eigenvalue of I − K(w)H(w), and hence σ̄ [I − K(w)H(w)] ≥ 1, which clearly contradicts (82).

Finally, to prove (ii) we note that when p < m, the number of signals to estimated is greater than the number of obsercations, and so there is no hope in estimating them. K(z) = 0 clearly gives γ_{opt} = 1.

Remark: Note that when p > m, H(z) will generically have no zeros because it will generically have full rank for all z. To be more explicit, suppose that p = 2 and m = 1, so that

H(z) = H_1(z) H_2(z) . (83)

Now H(z) will have a zero outside the unit circle if, and only if, H_1(z) and H_2(z) share some nonminimum phase zero. But of course any two arbitrary rational functions will generically not have common zeros.

We should also mention that, when H(z) has no zeros in |z| ≥ 1, finding an explicit expression for γ_{opt} does not appear to be simple. The construction presented in the proof of Theorem 5 suggests the following upper bound γ^2_{opt} ≤ inf H^{−L} (·),H^{−L}(z)H(z)=I_m ‖ ‖H^{−L}(z) ‖ ‖^2_∞ 1 + ‖H^{−L}(z)‖^2_∞

. (84)

Various other statements can also be made. Here is an example. Suppose that H(z) =

H_1(z) H_2(z) where both H_1(z) and H_2(z) are scalar and minimum phase. Then the best causal equalizer performs better than the best noncausal equalizers applied to H_1(z) and H_2(z) separately, but not as good as the best noncausal equalizer applied to H_1(z) and H_2(z) together. In other words, sup ω∈[−π,π] 1 1 + |H_1(e^{jω} )|^2 + |H_2(e^{jω} )|^2 ≤ γ^2_{opt} ≤ min_{i=1,2} sup_{ω∈[−π,π]} 1 1 + |H_i(e^{jω} )|^2

. (85)

6 Some Remedies for Non-Minimum Phase Channels

In Sec. 5.1.4 we noted that, in the square case (p = m), causal equalization of non-minimum phase channels is not possible (from the H^∞ point of view). Since non-minimum phase channels do occur in practice it is important to have a means of circumventing this drawback. In this section we shall look at three remedies for the non-minimum phase case, namely, using multiple sensors, oversampling, or allowing for finite delay, as suggested by the framework of this paper.

6.1 Using Multiple Sensors

By adding multiple sensors we increase the number of observations signals without changing the number of input signals. Thus, we transform a square problem with p = m to a non-square problem with p > m. This means that our original problem which had γ_{opt} = 1, when H(z) is non-minimum phase, is transformed to one for which γ_{opt} is generically strictly less than one.

Take for example the scalar case and suppose that H(z) is non-minimum phase. Then if we add a second sensor, corresponding to a scalar channel with transfer function H^′(z), our channel will become H(z) H^′(z) .

Thus, even though H(z) is non-minimum phase, and H^′(z), too, may very well be non-minimum phase, it is still possible to causally equalize the aggregate channel as long as H(z) and H^′(z) share no nonminimum phase zeros. This, of course, generically holds.

We should also mention that the property of non-common zeros is similar to the requirement that arises in the blind equalization of vector channels using second-order statistics (see e.g., [22]).

6.2 Oversampling

Oversampling is also currently used as a method for the blind equalization of non-minimum phase channels using second-order statistics (see e.g. [23]), and can also be used for causal equalization. The idea is to sample the output of the communications channel at a rate higher than the rate of the input signal. This then leads us to a situation where we have more observations signals than input signals, which can be suitably transformed to a multi-input multi-output (MIMO) channel scenario with p > m that was considered in Sec.6.1. Indeed if we have a non-minimum phase scalar channel with transfer function H(z), and oversample at a rate of r output samples per each input transmitted, the resulting MIMO channel becomes H(z) H(e^{j 2πr} z) . . H(e^{j 2(r−1)πr} z)

. (86)

Thus the condition for causal H^∞ equalization is that the transfer functions {H(e^{j 2kπr} z)}^{r−1}_{k=0} share no common non-minimum phase zero.

6.3 Finite Delay

Another obvious remedy for the equalization of non-minimum phase channels is to allow for some finite delay, d > 0. In other words, we are interested in estimating u_i using the observations {. . . y_{i+d−1}, y_{i+d}}. Such a problem corresponds to the general estimation problem of Sec. 3 with L(z) = z^{−d} (since we can also think of it as estimating u_{i−d} using the observations {. . . y_{i−1}, y_i}).

It is quite clear that allowing for infinite delay takes us back to the situation of a noncausal equalizer. The natural question to ask therefore is: what is the amount of finite delay, 0 < d < ∞, that we should incur so that

(i) γ_{opt} < 1?

(ii) γ_{opt} = γ_s?

The answer to the first question would tell how much delay we need in order to be successful in causal equalization, and the answer to the second question would tell us how much delay we need to in order obtain the same performance as the non-causal equalizer.

In order to illustrate the effect of delay, and to answer the above questions, it will be instructive to look at the case of a scalar single-zero FIR channel,

H(z) = 1 + az^{−1}.

Lemma 6 (Equalization of Single-Zero Channel) Consider the scalar single-zero FIR channel H(z) = 1 + az^{−1} and suppose we want to solve the problem min causalK(·) ‖ ‖ ‖ ‖ [ z^{−d} − K(z)H(z) −K(z) ]‖ ‖ ‖_∞^Δ= γ^{opt}, for d ≥ 0. Then we have the following result.

(i) If d = 0, then γ^2_{opt} = max_{ω∈[0,2π]}^1_{1+|H(ejω )|2} if |a| < 1 1 if |a| ≥ 1 . (87)

(ii) If d = 1, then γ^2_{opt} = max_{ω∈[0,2π]}^1_{1+|H(ejω )|2} if |a| < 2 2 |a|2 if |a| ≥ 2 . (88)

(iii) If d ≥ 2, then γ^2_{opt} = max ω∈[0,2π] 1 1 + |H(e^{jω} )|^2

. (89)

Proof: The proof for part (i) follows readily from Theorem 4, since H(z) is minimum phase for |a| < 1 and non-minimum phase otherwise.

To prove part (ii), we note that in d = 1 case, the transfer matrix whose J-spectral factorization we must compute is given by 1 + H(z)H^∗(z^{−∗}) −H(z)L^∗(z^{−∗}) −L(z)H^∗(z^{−∗}) L(z)L^∗(z^{−∗}) − γ^2 = 1 + (1 + az^{−1})(1 + a^∗z) −(1 + az^{−1})z −z^{−1}(1 + a^∗z) 1 − γ^2

= 2 + |a|^2 + az^{−1} + a^∗z −(z + a) −(z^{−1} + a^∗) (1 − γ^2) .

We first observe that, unlike the transfer matrix for the d = 0 case of Eq. (38), the (1, 2) component is anti-causal and the (2, 1) component is causal. Therefore the UDL factorization used there will not lead us to the desired J-spectral factorization.

However, if we consider the following factorization 2 + |a|^2 + az^{−1} + a^∗z −(z + a)

−(z^{−1} + a^∗) (1 − γ^2) = 1 0 −^1_a 1

2 + |a|^2 + az^{−1} + a^∗z^2_{a∗} +^a_{a∗} z^{−1} 2 a +^{a∗}_a z^2_{|a|2} − γ^2

1 −^1_{a∗} 0 1 , (90) we observe that the center matrix takes the form of the d = 0 case, since the (1, 2) component is now causal and the (2, 1) component is now anti-causal. In fact, by making the following substitutions

H^′(z) = −(a + a^2 2 z^{−1}) , L^′(z) = 1 , r^′ = |a|^2 2 , q^′ = 2 |a|^2 the desired transfer matrix can be written as 1 0 −^1_a 1 r^′ + q^′H^′(z)H^{′∗}(z^{−∗}) −q^′H^′(z)L^{′∗}(z^{−∗}) −q^′L^′(z)H^{′∗}(z^{−∗}) q^′L^′(z)L^{′∗}(z^{−∗}) − γ^2 1 −^1_a 0 1 .

From the d = 0 case, we already have a factorization for the center matrix:

r^′ + q^′H^′(z)H^{′∗}(z^{−∗}) −q^′H^′(z)L^{′∗}(z^{−∗}) −q^′L^′(z)H^{′∗}(z^{−∗}) q^′L^′(z)L^{′∗}(z^{−∗}) − γ^2 = L^′_{11}(z) L^′_{12}(z) L^′_{21}(z) L^′_{22}(z) 1 0 0 −1

L^{′∗}_{11}(z^{−∗}) L^{′∗}_{21}(z^{−∗}) L^{′∗}_{12}(z^{−∗}) L^{′∗}_{22}(z^{−∗}) .

Therefore,

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) = 1 0 −^1_a 1

L^′_{11}(z) L^′_{12}(z) L^′_{21}(z) L^′_{22}(z) = L^′_{11}(z) L^′_{12}(z) L^′_{21}(z) −^{L′11(z)}_a L^′_{22}(z) −^{L′12(z)}_a ,

which is the desired J-spectral factor since, all entries are causal, L_{11}(z), which is equal to L^′_{11}(z), is minimum phase, L_{12}(z), which is equal to L^′_{12}(z) is strictly causal and the whole matrix is causally invertible since it is the product of two causal and causally invertible matrices.

We thus need to distinguish between the two cases where H^′(z) is minimum phase and where H^′(z) is non-minimum phase. When H^′(z) is minimum phase, which is the case for |a| < 2, then

γ^2_{opt} = sup_{ω∈[0,2π]} r^′q^′ r^′ + q^′|H^′(e^{jω})|^2

= sup ω∈[0,2π] 1 a2 2 +^2_{a2} |a +^{a2}_2 e^{−jω} |^2 . After some simplification, the expression for γ^2_{opt} becomes

γ^2_{opt} = sup_{ω∈[0,2π]} 1 1 + |1 + ae^{−jω}|^2

= sup ω∈[0,2π] 1 1 + |H(e^{jω})|^2

= γ^2_s .

When H^′(z) is non-minimum phase, which is the case for |a| ≥ 2, then

γ^2_{opt} = q^′ = 2 a^2 . To prove part (iii), we note that in the d = 2 case, the transfer matrix whose J-spectral factorization we must compute is given by 2 + |a|^2 + az^{−1} + a^∗z −(z^2 + az) −(z^{−2} + a^∗z^{−1}) (1 − γ^2) .

By a trick similar to the one used in the d = 1 case, we can consider the following factorization 2 + |a|^2 + az^{−1} + a^∗z −(z + a) −(z^{−1} + a^∗) (1 − γ^2) =

1 0 −^{z−1}_a +^2_{a2} 1

2 + |a|^2 + az^{−1} + a^∗z −(^{4+|a|2}_{a2} +^{2a∗}_{a2} z^{−1}) −(^{4+|a|2}_{a∗2} +^{2a}_{a∗2} z)^{8+2|a|2}_{|a|4} − γ^2

1 −^z_{a∗} +^2_{a∗2} 0 1 , (91)

and make the following substitutions

H^′(z) = ( a^{∗2} 2 + a^{∗3} 4 + |a|^2 z^{−1}) , L^′(z) = 1 , r^′ = |a|^4 8 + 2|a|^2

, q^′ =

8 + 2|a|^2 |a|^4 . Then it is readily seen that Eq. (91) can be rewritten as 2 + |a|^2 + az^{−1} + a^∗z −(z + a) −(z^{−1} + a^∗) (1 − γ^2) =

1 0 −^{z−1}_a +^2_{a2} 1 r^′ + q^′H^′(z)H^{′∗}(z^{−∗}) −q^′H^′(z) −q^′H^{′∗}(z^{−∗}) q^′ − γ^2 1 −^z_{a∗} +^2_{a∗2} 0 1 . (92)

Once again we can factorize the center matrix using results from the d = 0 case to obtain the desired J-spectral factorization. An important result here is that H^′(z) is minimum phase for all values of a, since its zero lies at −^{2a∗}_{4+|a|2} , and | | | | 2a^∗ 4 + |a|^2 | | | | ≤ 1.

This means that the min-max energy gain is given by

γ^2_{opt} = r^′q^′ r^′ + q^′ min_w |H^′(e^{jw} )|^2 . Once more, algebraic simplifications show that

γ^2_{opt} = sup_{ω∈[0,2π]} 1 1 + |H(e^{jω})|^2

= γ^2_s .

Lemma 6 shows that, for the channel H(z) = 1 + az^{−1}, allowing a single delay in equalization, results in extending the region for which γ_{opt} = γ_s from inside the unit circle to inside a circle of radius two. Moreover, there is no region for which γ_{opt} = 1, which means that a delay of one unit is sufficient to perform causal equalization for all single-zero FIR channels. Finally, for d ≥ 2, we have γ^2_{opt} = γ^2_s , i.e., a delay of two units is sufficient to obtain the same H^∞ performance as the noncausal solution in equalizing a single-zero FIR channel.

Unfortunately, we do not yet know an explicit factorization for the transfer matrix I + H(z)H^∗(z^{−∗}) −z^dH(z) −z^{−d}H^∗(z^{−∗}) (1 − γ^2)I , (93)

for arbitrary d > 0 and general non-minimum phase channels. Therefore we do not yet have explicit expressions for γ_{opt} in this case and have no answer for question (ii), raised above, of when γ_{opt} = γ_s. However, we do have the answer to question (i), of when γ_{opt} = 1.

Lemma 7 (Delay Required for γ_{opt} < 1) Consider the m×m causal rational transfer matrix H(z) = h_0 + h_1z^{−1} + . . . and suppose that H(z) has no unit circle zeros (i.e., H(e^{jω} is full rank for all ω). We are interested in the following problem: min causalK(z) ‖ ‖ ‖ [ z^{−d}I − K(z)H(z) −K(z) ]‖ ‖ ‖_∞^Δ= γ^{opt} , d ≥ 0. (94) Let l denote the number of non-minimum phase (i.e., on or outside the unit circle) zeros of H(z) (counting multiplicities). Then we have the following result.

(i) If d ≥ l, then γ_{opt} < 1. (ii) If d < l, then γ_{opt} = 1.

Proof: The proof of this lemma is given in [24].

The above lemma has an interesting interpretation. In order to get an improvement over not equalizing at all (γ_{opt} = 1), the delay d should be chosen greater than the number of non-minimum phase zeros of the channel. Thus the fundamental limitation in causal equalization is the number of zeros outside of the unit circle.

7 State-Space Formulae

The key to our results in this paper is the explicit J-spectral factorization of the transfer matrix (38). We performed this factorization in the input-output setting of transfer matrices, and in the square case of p = m. We should mention that most results in H^∞ theory are in state-space language, and it is therefore possible to give expressions for this factorization using state-space techniques. This is especially useful in the non-square case (p ≠ m) where we do not have explicit expressions for the factorization. Moreover, state-space tools provide a powerful and efficient means for actual computation of the spectral factors. Nonetheless, the solutions are not as explicit, and we believe that the results of this paper would have been much more difficult to conceive in the state-space setting.

In this section we shall give a very brief outline of the state-space solutions. These are given in terms of solutions of so-called discrete-time algebaric Riccati equations (DARE’s) that allow one to perform the required J-spectral factorization. The relationship between algebaric Riccati equations and solutions to H^∞ problems is well known and can be found in any textbook on H^∞ theory [6, 25, 26].

In the state-space framework the channel H(z) is assumed to have a finite-dimensional linear timeinvariant state-space model of the form

x_{i+1} = Ax_i + Bu_i o_i = Cx_i + Du_i , (95)

where A ∈ C^{n×n}, B ∈ C^{n×m}, C ∈ C^{p×n} and D ∈ C^{p×m}. Note that we may write H(z) = D + C(zI − A)^{−1}B. In particular, when H(z) is FIR,

H(z) = h_0 + h_1z^{−1} + . . . h_lz^{−l}, (96) as is often the case, one possible state-space description is given by

A =

0 I 0 I .. . .. . .. . I 0

, B = I 0 . . 0

, C = [ h_1 h_2 . . . h_l ] , D = h_0. (97)

Then we have the following result.

Theorem 6 (State-Space Formulae) Consider the p × m rational transfer matrix H(z) = D + C(zI − A)^{−1}B, with {A, B, C} minimal. Then a causal K(z) that satisfies ‖ ‖ ‖ ‖ [ I_m − K(z)H(z) −K(z) ]‖ ‖ ‖_∞ < γ, exists if, and only if, there exists a solution to the DARE

P = F P F^∗ + GG^∗ − K_pR_eK^∗_p , (98)

with

K_p = [ AP C^∗ + GD^∗ G ] R^{−1}_e , R_e = I_p + DD^∗ D D^∗ (1 − γ^2)I_m + C 0 P [ C^∗ 0 ] (99)

such that

(i) A_p^Δ= A − K_p C 0 is stable.

(ii) P ≥ 0.

(iii) R_e and

I_p 0 0 −γ^2I_q have the same inertia^4.

If this is the case, then the L_{ij} (z) in the canonical factorization of (38) are given by

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z) = I_p 0 0 I_m + C 0 (zI − A)^{−1}Kp R^{1/2}_e , (100)

4By the inertia of a Hermitian matrix, we mean the number of its positive, negative and zero eigenvalues. A simple way of calculating the inertia of a strongly regular Hermitian matrix R (i.e. one whose leading minors are all nonzero), is by computing its LDU decomposition R = LDL^∗, where L is a lower triangular matrix with unit diagonal and D is a diagonal matrix: the number of positive and negative elements of D give the number of positive and negative eigenvalues of R and hence the inertia.

where R^{1/2}_e is found from the block LDU factorization R_e = R^{1/2}_e

I_p 0 0 −I_m R^{∗/2}e . All solutions K(z) are given by K(z) = (L_{22}(z)S(z) − L_{21}(z)) (L_{11}(z) − L_{12}(z)S(z))^{−1} , where S(z) is any causal and strictly contractive transfer matrix. In particular, defining R_{He}^Δ= I_p + DD^∗ + CP C^∗, we have L_{11}(z) = [ I_p + C(zI − A)^{−1}(AP C^∗ + GD^∗)R^{−1}_{He} ] R^{1/2}_{He} L_{21}(z) = D^∗R^{−∗/2}_{He} , (101)

so that K_{cen}(z) = D^∗R^{−1}_{He} + D^∗R^{−1}_{He}C(zI − A_1)^{−1}(AP C^∗ + GD^∗)R^{−1}_{He}, (102) where A_1^Δ= A − (AP C^∗ + GD^∗)R^{−1}_{He}C.

Proof: The proof can be found in [6, 26].

Finally, we may remark that Theorem 4, in conjunction with the above result, allow us to make the following statement about the DARE (98).

Lemma 8 (Properties of the DARE) Consider the m × m rational transfer matrix H(z) = D + C(zI − A)^{−1}B, with {A, B, C} minimal. Then a solution to the DARE (98) with the properties (i)-(iii) of Theorem 6 exists if, and only if, (i) γ > ‖ ‖ ‖ ( I_m + H^∗(z^{−∗})H(z) )_{−1}‖ ‖^{1/2}_∞ ,

if A − BD^{−1}C is stable (has all its eigenvalues strictly inside the unit circle). (i) γ > 1, if A − BD^{−1}C is unstable (has eigenvalues on and outside the unit circle).

Proof: The proof follows from Theorems 4 and 6 and the fact that

H^{−1}(z) = D^{−1} − D^{−1}C(zI − A + BD^{−1}C)^{−1}BD^{−1},

so that H(z) is minimum phase if, and only if, A − BD^{−1}C is stable.

We should remark that a state-space proof of our main result (Theorem 4) would have required us to give a direct proof of Lemma 8, which appears to be highly nontrivial.

8 Conclusion

In this paper, we studied the H^∞ criterion as an alternative method for the equalization of communication channels. Current equalization methods and algorithms are mainly concerned with average behavior (e.g., MSE or BER) under the conditions of perfect models and known statistical distributions. H^∞ theory, on the other hand, is concerned with the worst-case behavior and the question of robustness with respect to model uncertainty and lack of statistical information.

We obtained a closed-form solution to the H^∞ equalization problem and parametrized all possible H^∞-optimal equalizers. More importantly, not only did we obtain a solution to the problem, but we learned a lot about the equalization problem itself. In particular, we discovered an interesting dichotomy between minimum phase and non-minimum phase channels: In the minimum phase case causal equalizers perform as well as non-causal ones, whereas in the non-minimum phase case, causal equalizers cannot reduce the worst-case estimation error bounds from their a priori values. Moreover, we showed that, for minimum phase channels, a scaled version of the zero-forcing equalizer is H^∞-optimal. We also studied the use of adding more sensors, oversampling, and allowing for finite delay, as remedies for the non-minimum phase case. We also learned that the fundamental limit in causally equalizing a non-minimum phase channel is its number of non-minimum phase zeros.

The results presented in this paper also have ramifications in other areas. They essentially deal with the problem of “robustly” inverting a linear time-invariant system and so have implications to the important tracking problem of control theory [27]. They also have various implications to more general control and estimation problems and, especially, to the questions of worst-case controllability and estimability (essentially what systems are easy, or difficult, to control and estimate) [24].

Finally, we may mention some possible directions for future work. The first has to do with the use of finite delay, and especially the question of how much delay is required to obtain the same H^∞ performance as the noncausal solution? Another has to do with incorporating “structural” modeling errors for the channel in the equalizer solution [21]. Perhaps the most important direction relies on the following observation: As we saw for H^∞-optimal zero-forcing equalization, having a good (indeed optimal) worst-case performance alone is not sufficient for having acceptable performance in real applications.

Since the H^∞ criterion provides a family of filters which achieve the same worst-case performance, it is an important design problem to choose a filter among this family which has good performance with respect to other relevant criteria.

A Proof of Theorem 2

First note that the expression for T_K (z) allows us to write

γ^2I − T_K (z)T^∗_K (z^{−∗}) = [ K(z) I ] I + H(z)H^∗(z^{−∗}) −H(z)L^∗(z^{−∗}) −L(z)H^∗(z^{−∗}) −γ^2I + L(z)L^∗(z^{−∗}) K^∗(z^{−∗}) I . (A.1) We will first prove sufficiency. Thus suppose that the factorization (19) can be performed. Then replacing the center matrix of (A.1) with its factored form from (19), we readily see that we may write

γ^2I − T_K (z)T^∗_K (z^{−∗}) = (K(z)L_{11}(z) + L_{21}(z)) ( K(z^{−∗})L_{11}(z^{−∗}) + L_{21}(z^{−∗}) )_∗ − (K(z)L_{12}(z) + L_{22}(z)) ( K(z^{−∗})L_{12}(z^{−∗}) + L_{22}(z^{−∗}) )_∗ . (A.2)

Since L^{−1}_{11} (z) and L_{21}(z) are causal, K_{cen}(z) = −L_{21}(z)L^{−1}_{11} (z) is a causal filter. Moreover, it sets the first term on the RHS of (A.2) to zero and yields γ^2I−T_{Kcen} (z)T^∗_{Kcen} (z^{−∗}) = − ( L_{22}(z) − L_{21}(z)L^{−1}_{11} (z)L_{12}(z) ) ( L_{22}(z^{−∗}) − L_{21}(z^{−∗})L^{−1}_{11} (z^{−∗})L_{12}(z^{−∗})) )_∗ , (A.3) which is clearly negative on the unit circle. Thus ‖T_{Kcen} (z)‖_∞ < γ and the suboptimal H^∞ problem has a solution.

Note, moreover, from (A.2) that all K(z) that yield γ^2I − T_K (z)T^∗_K (z^{−∗}) on the unit circle negative, are given by (K(z)L_{11}(z) + L_{21}(z)) = (K(z)L_{12}(z) + L_{22}(z)) S(z), (A.4) where S(z) is any causal and strictly contractive transfer matrix. Solving for K(z) in (A.4), yields (20). What, of course, remains to be shown is that for any causal and strictly contractive S(z) the transfer matrix K(z) is causal.^5 To show this, let us write

K(z) = (L_{22}(z)S(z) − L_{21}(z)) ( I − L^{−1}_{11} (z)L_{12}(z)S(z) )_{−1} L^{−1}_{11} (z), (A.5)

5We could lose the causality of K(z) if (L11(z) − L12(z)S(z))^−1 is not causal.

and note that the causal transfer matrix A(z)^Δ= L^{−1}_{11} (z)L_{12}(z)S(z) is strictly contractive since,

A(e^{jω} )A(e^{jω} )^∗ = L^{−1}_{11} (e^{jω} )L_{12}(e^{jω} )S(e^{jω} )S^∗(e^{jω} )L^∗_{12}(e^{jω} )L^{−∗}_{11} (e^{jω} ) < L^{−1}_{11} (e^{jω} )L_{12}(e^{jω} )L^∗_{12}(e^{jω} )L^{−∗}_{11} (e^{jω}), = L^{−1}_{11} (e^{jω} )(L_{11}(e^{jω} )L^∗_{11}(e^{jω} ) − I − H(e^{jω} )H^∗(e^{jω} ))L^{−∗}_{11} (e^{jω} ), < L^{−1}_{11} (e^{jω} )L_{11}(e^{jω} )L^∗_{11}(e^{jω} )L^{−∗}_{11} (e^{jω}) = I, where in the second step we used S(e^{jω})S^∗(e^{jω} ) < I, and in the third step we equated the (1, 1) entries in (19). Appealing to Lemma 9 of App. B, this means that ( I − L^{−1}_{11} (z)L_{12}(z)S(z) )_{−1} is causal, and hence so is K(z) since it is the product of causal transfer matrices.

The proof of necessity is slightly more detailed. The proof presented here is of independent interest since it also establishes the maximum entropy property of the central solution, (21). To this end, suppose that a causal K(z) exists that solves the H^∞ estimation problem of level γ. In other words, there exists a causal K(z) such that

γ^2I − T_K (e^{jω})T^∗_K (e^{jω} ) > 0, ∀ω ∈ [0, 2π]. (A.6)

Therefore we may define the entropy cost

ϵ_K = ∫_{2π} 0 log det [ γ^2I − T_K (e^{jω} )T^∗_K (e^{jω} ) ] dω. (A.7) Note that, over the set (A.6), the entropy cost is a concave function of K(·) and that its value approaches negative infinity as K(·) approaches the boundary of (A.6). Therefore since the set defined via (A.6) is concave and nonempty (we have assumed that a causal H^∞ estimator of level γ exists), there will exist a unique causal transfer matrix, which we denote by K_{cen}(·), that maximizes the entropy subject to the constraint (A.6). In other words, there exists a solution to the following convex optimization problem,

maxcausal_{K(·)} ϵ_K

subject to (A.6)

. (A.8)

Now since K_{cen}(·) lies inside the constraint set, it is straightforward to see that it should make the derivative of the entropy cost with respect to causal K(·) equal to zero. Computing this derivative with respect to {k_i, i ≥ 0}, the impulse response coefficients of K(z) = k_0 + k_1z^{−1} + . . ., yields ∂ϵ_K ∂k_i = ∫_{2π} 0 ∂log det [ γ^2I − T_K (e^{jω} )T^∗_K (e^{jω}) ] ∂[T_K (e^{jω} )T^∗_K (e^{jω} )] · ∂[T_K (e^{jω} )T^∗_K (e^{jω} )] ∂T_K (e^{jω} ) · ∂T_K (e^{jω} ) ∂K(e^{jω}) · ∂K(e^{jω}) ∂k_i dω

= ∫_{2π} 0 [ γ^2I − T_K (e^{jω} )T^∗_K (e^{jω} ) ]_{−1} · 2T_K (e^{jω} ) · −H^∗(e^{jω} ) −I · e^{−jωi}dω

= 2 ∫_{2π} 0 [ γ^2I − T_K (e^{jω} )T^∗_K (e^{jω} ) ]_{−1} [ K(e^{jω}) ( I + H(e^{jω})H^∗(e^{jω} ) ) − L(e^{jω})H^∗(e^{jω}) ] e^{−jωi}dω. Note that the RHS of the last equation is simply the coefficient of z^{−i} in the Laurent expansion of the

transfer matrix 2 [ γ^2I − T_K (z)T^∗_K (z^{−∗}) ]_{−1} [K(z) (I + H(z)H^∗(z^{−∗})) − L(z)H^∗(z^{−∗})]. Since we require

that^{∂ϵK}_{∂ki} = 0 for all i ≥ 0, this implies that the causal coefficients of this transfer matrix must be zero.

Thus K_{cen}(·) satisfies the following functional equation {[ γ^2I − T_{Kcen} (z)T^∗_{Kcen} (z^{−∗}) ]_{−1} [ K_{cen}(z) ( I + H(z)H^∗(z^{−∗}) ) − L(z)H^∗(z^{−∗}) ]} + = 0, (A.9)

where the notation {A(z)}_+ denotes the causal (analytic on |z| ≥ 1) part of A(z).

To summarize what has been shown so far, if the H^∞ estimation problem has a solution then (A.9)

has a causal solution that satisfies the constraint (A.6).

To solve (A.9) let us first introduce the canonical spectral factorization

L_Δ(z)L^∗_Δ(z^{−∗}) = γ^2I − T_{Kcen} (z)T^∗_{Kcen} (z^{−∗}), (A.10)

with L_Δ(z) causal and causally invertible. In view of (A.6), this factorization can always be performed.

With this definition (A.9) can be written as { L^{−∗}_Δ (z^{−∗})L^{−1}_Δ (z) [ L(z)H^∗(z^{−∗}) − K_{cen}(z) ( I + H(z)H^∗(z^{−∗}) )]} + = 0. (A.11)

The above equation implies that the transfer matrix appearing inside the {·}_+ must be strictly anti-

causal. Denoting this strictly anticausal transfer matrix by B(z), we readily see that, since L^{−∗}_Δ (z^{−∗})

is anticausal, L^∗_Δ(z^{−∗})B(z) is also strictly anticausal. Thus the transfer matrix

L^∗_{12}(z^{−∗})^Δ= L^{−1}_Δ (z) [ L(z)H^∗(z^{−∗}) − K_{cen}(z) ( I + H(z)H^∗(z^{−∗}) )] , (A.12)

is strictly anticausal. Moreover, let us define the causal and causally invertible, transfer matrix L_{11}(z)

via the canonical factorization

L_{11}(z)L^∗_{11}(z^{−∗}) = I + H(z)H^∗(z^{−∗}) + L_{12}(z)L^∗_{12}(z^{−∗}). (A.13)

Finally, for reasons to become clear shortly, let us define the causal operators L_{21}(z) and L_{22}(z) via

L_{21}(z) = −K_{cen}(z)L_{11}(z) and L_{22}(z) = L_Δ(z) + L_{21}(z)L^{−1}_{11} (z)L_{12}(z). (A.14)

Now it is not difficult to see (where for simplicity we have suppressed the dependencies on z), L_{21}L^∗_{11} − L_{22}L^∗_{12} = −K_{cen}L_{11}L^∗_{11} − (L_Δ + L_{21}L^{−1}_{11} L_{12})L^∗_{12} = −K_{cen}L_{11}L^∗_{11} − (L_Δ − K_{cen}L_{12})L^∗_{12} = −K_{cen}(L_{11}L^∗_{11} − L_{12}L^∗_{12}) − L_ΔL^∗_{12} = −K_{cen}(I + HH^∗) − LH^∗ + K_{cen}(I + HH^∗) = LH^∗, (A.15) and L_{21}L^∗_{21} − L_{22}L^∗_{22} = K_{cen}L_{11}L^∗_{11}K^∗_{cen} − (L_Δ − K_{cen}L_{12})(L_Δ − K_{cen}L_{12})^∗ = K_{cen}(L_{11}L^∗_{11} − L_{12}L^∗_{12})K^∗_{cen} + L_ΔL^∗_{12}K^∗_{cen} + K_{cen}L_{12}L^∗_Δ − L_ΔL^∗_Δ = K_{cen}(I + HH^∗)K^∗_{cen} + (LH^∗ − K_{cen}(I + HH^∗))K^∗_{cen} + K_{cen}(HL^∗ − (I + HH^∗)K^∗_{cen}) + T_{Kcen} T^∗_{Kcen} − γ^2I = −K_{cen}(I + HH^∗)K^∗_{cen} + LH^∗K^∗_{cen} + K_{cen}HL^∗ + T_{Kcen} T^∗_{Kcen} − γ^2I = −γ^2I + LL^∗. (A.16) Combining (A.13), (A.15), and (A.16) shows that the causal and causally invertible, L_{11}(z), the strictly causal L_{12}(z), and the causal L_{21}(z) and L_{22}(z) can be found from the factorization (19). Note, moreover, that, from the definition (A.14), we can readily find the central solution as K_{cen}(z) = −L_{21}(z)L^{−1}_{11} (z).

All that remains to show is that

L_{11}(z) L_{12}(z) L_{21}(z) L_{22}(z)

−1 is causal. But this readily follows from the block triangular factorization

L11(z) L12(z) L21(z) L22(z) = I 0 L21(z)L^{−1}_{11} (z) I

L11(z) 0 0 L22(z) � L21(z)L^{−1}_{11} (z)L12(z) L_Δ(z)

I L^{−1}_{11} (z)L12(z) 0 I and the facts that L^{−1}_{11} (z), L^{−1}_Δ (z) and L_{21}L^{−1}_{11} are all causal.

B Some Important Lemmas

Lemma 9 Suppose the n × n transfer matrix A(z) is causal and strictly contractive, i.e., (i) A(z) is analytic on |z| ≥ 1.

(ii) A(z)A^∗(z^{−∗}) < I_n for |z| = 1.

Then the transfer matrix (I_n − A(z))^{−1} is causal.

Proof: Since A(z) is a contraction, this implies that A(e^{jω} )A^∗(e^{jω}) < I_n, ∀ω. Moreover, since A(z) is

analytic on |z| ≥ 1, due to the maximum modulus principle, it achieves its maximum on the boundary.

Thus, A(z)A^∗(z) < I_n, ∀|z| ≥ 1. (B.17) This means that we can expand the inverse in (I_n − A(z))^{−1} to write

(I_n − A(z))^{−1} = I_n + A(z) + A^2(z) + . . . , (B.18)

where the infinite series converges absolutely for |z| ≥ 1 since A(z) is a strict contraction in this region

(see [28]). Thus, (I_n − A(z))^{−1} is the sum of absolutely converging analytic functions on |z| ≥ 1, and

hence itself is an analytic function on |z| ≥ 1. Thus, (I_n − A(z))^{−1} is causal.

Lemma 10 Suppose that the n × n transfer matrix C(z) is a causal strict expansion, i.e., that

(i) C(z) is analytic on |z| ≥ 1.

(ii) C(z)C^∗(z^{−∗}) > I_n for |z| = 1.

Then we have

C^{−1}(z) noncausal ⇒ (I_n − C(z))^{−1} noncausal.

Proof: We shall prove the lemma by contradiction, i.e., we shall assume that (I_n − C(z))^{−1} is causal

and prove that C^{−1}(z) is causal. First note that C(e^{jω} )C^∗(e^{jω} ) > I_n implies ( I_n − C(e^{jω} ) )_{−1} C(e^{jω} )C^∗(e^{jω} ) ( I_n − C(e^{jω} ) )_{−∗} > ( I_n − C(e^{jω} ) )_{−1} ( I_n − C(e^{jω} ) )_{−∗} ⇒ ( I_n − C(e^{jω} ) )_{−1} [ I_n − ( I_n − C(e^{jω} ) )] [ I_n − ( I_n − C(e^{jω} ) )_∗] ( I_n − C(e^{jω} ) )_{−∗} > ( I_n − C(e^{jω} ) )_{−1} ( I_n − C(e^{jω} ) )_{−∗} ⇒ − ( I_n − C(e^{jω} ) )_{−1} − ( I_n − C(e^{jω} ) )_{−∗} + I_n > 0 ⇒ [ I_n − ( I_n − C(e^{jω} ) )_{−1}] Δ =B(e^{jω} ) + [ I_n − ( I_n − C(e^{jω} ) )_{−1}]∗ > I_n > 0.

We thus have B(z) + B^∗(z^{−∗}) > 0, ∀|z| = 1 B(z) is causal .

In other words, B(z) is causal and positive real. Lemma 11 therefore implies that B^{−1}(z) is causal.

But since

C^{−1}(z) = [I_n − (I_n − C(z))]^{−1} = I_n − [ I_n − (I_n − C(z))^{−1} ]_{−1} = I_n − B^{−1}(z),

we conclude that C^{−1}(z) is causal.

Lemma 11 Suppose that the n × n transfer matrix B(z) is causal and positive real, i.e.,

(i) B(z) is analytic on |z| ≥ 1.

(ii) B(z) + B^∗(z^{−∗}) > 0 for |z| = 1.

Then B^{−1}(z) is causal.

Proof: Since B(z) is analytic on |z| ≥ 1, then B(e^{jω} ) is bounded for all ω ∈ [0, 2π] and, in particular, sup ω∈[0,2π] σ̄ [ B(e^{jω} )B^∗(e^{jω} ) ] = ‖B(z)‖^2_∞ < ∞. Moreover, since B(z) is positive real, there exists some α > 0 such that B(e^{jω} ) + B^∗(e^{jω} ) > α ‖B(z)‖^2_∞ I ≥ αB(e^{jω} )B^∗(e^{jω}), ∀ω ∈ [0, 2π]. Therefore the causal transfer matrix I − αB(z) is a strict contraction since ( I − αB(e^{jω} ) ) ( I − αB(e^{jω} ) )_∗ = I − α ( B(e^{jω} ) + B^∗(e^{jω} ) ) + α^2B(e^{jω} )B^∗(e^{jω} ) = I − α B(e^{jω} ) + B^∗(e^{jω} ) − αB(e^{jω} )B^∗(e^{jω} ) >0 < I.

Therefore, using Lemma 9, B^{−1}(z) is causal since B(z) = 1 α · [I − (I − αB(z))] .

References

[1] J.G. Proakis. Digital Communications. McGraw-Hill, New York, 1995.

[2] P.P. Khargonekar and K.M. Nagpal. Filtering and smoothing in an H^∞ setting. IEEE Trans. on Automatic Control, 36:151–166, 1991.

[3] T. Basar. Optimum performance levels for minimax filters, predictors and smoothers. Systems and Control Letters, 16:309–317, 1991.

[4] U. Shaked and Y. Theodor. H^∞−optimal estimation: A tutorial. In Proceedings of the IEEE Conference on Decision and Control, pages 2278–2286, Tucson, AZ, 1992.

[5] M.J. Grimble. Polynomial matrix solution of the H^∞ filtering problem and the relationship to Riccati equation state-space results. IEEE Transactions on Signal Processing, 41(1):67–81, Jan. 1993.

[6] M. Green and D.J.N. Limebeer. Linear Robust Control. Prentice-Hall, Englewood Cliffs, NJ, 1995.

[7] B. Hassibi, A.H. Sayed, and T. Kailath. Linear estimation in Krein spaces - Parts I and II: Theory and Applications. IEEE Transactions on Automatic Control, 41(1):18–49, Jan. 1996.

[8] S.C. Peng. An equalizer design for nonminimum phase channel via two-block H^∞ optimization technique. Signal Processing, 51:1–13, 1996.

[9] A.J. Viterbi. Error bounds for convolutional codes and an asymptotically optimum decoding algorithm. IEEE Transactions on Information Theory, 13:260–269, 1967.

[10] M.E. Austin. Decision feedback equalization for digital communication over dispersive channels.

MIT Lincoln Laboratory, Technical Report, 1967.

[11] J. Omura. Optimal receiver design for convolutional codes and channels with memory via control theoretical concepts. Inform. Sci., 3:243–266, 1971.

[12] G.D. Forney. Maximum-likelihood sequence estimation of digital sequences in the presence of intersymbol interference. IEEE Transactions on Information Theory, 18:363–378, 1972.

[13] J.M. Cioffi, G.P. Dudevoir, M.V. Eyuboglu, and G.D. Forney. MMSE decision-feedback equalizers and coding - Parts I and II. IEEE Transactions on Communications, 43(10):2582–2604, October 1995.

[14] V.A. Yakubovich. Factorization of symmetric matrix polynomials. Dokl. Akad. Nauk SSSR, 194(3):1261–1264, 1970.

[15] H. Kwakernaak and M. Sebek. Polynomial J-spectral factorization. IEEE Transactions on Automatic Control, 39(2):315–328, 1994.

[16] D. Mustafa and K. Glover. Minimum Entropy H^∞ Control. Springer-Verlag, New York, 1990.

[17] P. Whittle. Risk-sensitive Optimal Control. John Wiley & Sons, New York, 1990.

[18] K. Glover and J.C. Doyle. State-space formulae for all stabilizing controllers that satisfy an H^∞- norm bound and relations to risk sensitivity. System and Control Letters, 11:167–172, 1988.

[19] D.H. Jacobson. Optimal stochastic linear systems with exponential performance criteria and their relation to determinstic games. IEEE Trans. Automatic Control, 18:124–131, 1973.

[20] J.L. Speyer, J. Deyst, and D.H. Jacobson. Optimization of stochastic linear systems with additive measurement and process noise using exponential performance criteria. IEEE Transactions on Automatic Control, 19:358–366, 1974.

[21] A.T. Erdogan, B. Hassibi, and T. Kailath. On H^∞ equalization of communication channels.

Submitted to IEEE Transcations on Communications, 1997.

[22] B. Khalaj, B. Hassibi, A. Paulraj, and T. Kailath. Blind identification of FIR channels using antenna arrays. In Proceedings of the 27th Asilomar Conference on Signals, Systems and Computers, pages 721–726, Pacific Grove, CA, Nov. 1993.

[23] L. Tong, G. Xu, and T. Kailath. A new approach to blind identification and equalization of multipath channels. In Proceedings of the 25th Asilomar Conference of Signals, Systems and Computers, Pacific Grove, CA, Nov. 1991.

[24] B. Hassibi and T. Kailath. On optimal solutions to H^∞ problems. Submitted to IEEE Transactions on Automatic Control, 1997.

[25] K. Zhou, J.C. Doyle, and K. Glover. Robust and Optimal Control. Prentice Hall, Englewood Cliffs, N.J., 1996.

[26] B. Hassibi, A.H. Sayed, and T. Kailath. Indefinite Quadratic Estimation and Control: A Unified Approach to H^2 and H^∞ Theories. SIAM Studies in Applied Mathematics, New York, 1998.

[27] B. Hassibi and T. Kailath. Tracking with an H^∞ criterion. Submitted to IEEE Transactions on Automatic Control, 1997.

[28] I.I. Hirschman. Infinite Series. Holt, Rinehart and Winston, New York, 1962.