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Abstract

Multicarrier signals exhibit a large peak to mean envelope power ratio (PMEPR). In this paper without
using a Gaussian assumption, we derive lower and upper probability bounds for the PMEPR distribution
when the number of subcarriers n is large. Even though the worst case PMEPR is of the order of n, the
main result is that the PMEPR of arandom codeword C = (¢, . . ., ¢,) iSlogn with probability approaching
one asymptotically, for the following three general cases: (i) ¢;’s arei.i.d. chosen from a complex QAM
constellation in which the real and imaginary part of ¢; each hasi.i.d. and even distribution (not necessarily
uniform), (i7) ¢;'s arei.i.d. chosen from a PSK constellation where the distribution over the constellation
points is invariant under /2 rotation, (i44) C' is chosen uniformly from a complex sphere of dimension n.
Based on this result, It is proved that asymptotically, the Varsharmov-Gilbert bound remains the same for
codes with PMEPR of less than log n chosen from QAM/PSK constellations.

1 Introduction

Multicarrier modulation has been proposed in different broadband wireless and wireline applications such as
wireless local area networks (WLAN) and digital subscriber line (DSL). Even though multicarrier modulation
has a nice performance in a multipath fading environment, it suffers from high amplitude variation which is
unfavorable from a practical point of view. Different schemes have been proposed to reduce the peak to mean
envelope power ratio (PMEPR) such as coding methods, clipping, reserved carriers, and probabilistic methods
such as selective mapping and partial transmit sequence [1, 2, 3, 4, 5, 6, 7].

Unfortunately, the worst case PMEPR of multicarrier signals is rather high and is of the order of n where n

is the number of subcarriers. On the other hand, the numerical evaluation of the distribution of PMEPR shows
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that encountering the worst case n is highly unlikely [8, 9, 10, 11, 12, 13]. This in fact motivates the problem
of finding the PMEPR distribution to quantify how severe that is. In [8, 9], by assuming that the multicarrier
signal is a Gaussian process an expression for the probability distribution of PMEPR is derived. This is a very
strong assumption, and when the codewords are chosen from fixed constellations, is mathematically not valid for
the joint distribution of n or more samples [14]. Recently, in [12], an upper bound for the PMEPR distribution
is shown for QAM/PSK with M? points and uniform distribution over the constellation points, and it is shown
that the probability of encountering a PMEPR of greater than (1 + €) logn is going to zero as n increases. On
the other hand, in [13] using techniques different from ours, a lower bound for the distribution of PMEPR is
obtained when codewords are uniformly distributed over a complex sphere. [13], however, does not perform
an asymptotic analysis, which is what we do here. In this paper, we generalize the results to a larger class of
constellations with even distribution over the constellation points, and we show a stronger result, namely with
high probability the PMEPR behaves like log n + O(loglogn). In other words, encountering a PMEPR of less
than log n + O(log log n) is also highly unlikely.

The results are based on a generalization of the well-known result of Halasz [15] for Littlewood trigono-
metric polynomials with equiprobable coefficients chosen independently from {+1, -1} [10, 6, 12]. In sum-
mary, we show that, with probability approaching one, any codeword either with entries chosen independently
from the symmetric QAM/PSK constellations or chosen uniformly from a complex sphere has PMEPR of
logn + O(loglogn) for a large number of subcarriers. We then use this result to determine the achievable
rate of codes with given minimum distance and bounded PMEPR.

The rest of the paper is outlined as follows. Section 2 introduces the notation, multicarrier signals, and the
PMEPR of a codeword. The lower and upper probability bounds for the PMEPR distribution are derived in
Section 3. In Section 4 we discuss the consequences of the bounds and we obtain a Varsharmov-Gilbert type

bound for the achievable rate of codes with bounded PMEPR and with given minimum Hamming distance.



2 Definition

The complex envelope of a multicarrier signal with n subcarriers may be represented as,
n . .
so(t) =) el 0<t<1/fo 1)
i=1

where fy is the subchannel spacing and C = (¢, - .., c¢y) is the complex modulating vector with entries from
a given complex constellation. The admissible modulating vectors are called codewords and the ensemble of
all possible codewords constitute the code C. For mathematical convenience, we define the normalized complex

envelope of a multicarrier signal as
n . .
so(0) =) el 0<0<2n, )
i=1
Then, the PMEPR of each codeword C in the code C may be defined as,

2
PMEPRe(C) = max 122

o<o<2r E{||C||?} ®)

Similarly, the PMEPR of the code C, denoted by PMEPRg, is defined as the maximum of (3) over all codewords
in C. It is clear from the definition of PMEPR that if all the carriers add up coherently, the PMEPR can be of the
order of n.

In this paper, we will consider two classes of codes, namely, complex symmetric g-ary codes in which each
coordinate is chosen from a complex QAM or PSK constellation with alphabets of cardinality ¢, and spherical
codes in which codewords are points on a complex n dimensional sphere defined as ©, = {(c1,...,¢p) :
Yizt leil? =n}

It is worth noting that for a random g-ary code with i.i.d. entries chosen from a constellation, E{||C|F} =

nE,, where E,, is the average energy of the constellation. Also, for spherical codes chosen from €),, E{||C||?} =



n since all the codewords have constant norm.
Throughout the paper we will use the following notations: C and C represent the code and codeword, ¢ de-
notes the 4’th coordinate of the modulating vector C, log{-} is the natural logarithm, and H;(z) = —z log,(r) —

(1 —z)log,(z). We use o and j3 as arbitrarily constants and f(n) = O(g(n)) denotes that l_i)m‘% < |af.
n—od

3 Bounds for Cumulative Distribution Function of PMEPR

It is a commonly assumed in the literature that when the g’s in (2) are independently chosen, s-(#) can be
approximated as a Gaussian process [8, 9]. However, this is not mathematically rigorous for spherical codewords
and codewords with entries from a QAM/PSK constellation. In other words, by assuming that the ¢’s are i.i.d.,
even though it is conceivable that any finite samples of s(0) is jointly Gaussian for large values of n, this
statement is not valid for n samples of s¢(6).

In this section without using any Gaussian assumption, we derive upper and lower bounds for the PMEPR
distribution for different schemes. The derivation of the bounds are the generalization of a result of Halasz [15]
for the asymptotic distribution of the maximum of |7, a; cosi6| when a;’s are chosen independently from
{+1, —1} with equal probability. This result is extended in [16] to the maximum of the modulus of polyno-
mials over the unit circle * with real independent coefficients, ¢, and with characteristic function E{eitck} =
e 2t’+ast®+O(tY) for ¢ in some nontrivial interval [—d, d].

Based on our application for OFDM signals, we generalize the result of [16] and [15] to polynomials over the
unit circle when its coefficients are chosen from the following three general cases: (i) ¢’s are i.i.d. chosen from
a complex QAM constellation in which the real and imaginary parts of ¢ each has i.i.d and even distribution,
(7) ¢;’s are i.i.d. chosen from a PSK constellation where the distribution function over the constellation points
is invariant under rotation by 7 /2, and (ii7) when the the modulating codeword, C, is chosen from a complex n

dimensional sphere in which ¢ ’s are no longer independent.

1By polynomials over the unit circle, here we mean polynomials over the complex field evaluated on the unit circle.



3.1 Lower Bound for the PMEPR

In this subsection, we obtain a bound for the probability of having a PMEPR slightly less than log n and we show
that asymptotically this probability goes to zero. Theorem 1 derives the bound for QAM constellations and it is
later generalized to PSK and spherical codes in Theorem 2 and 3.

Since scaling the constellation does not affect the PMEPR, for mathematical convenience, we assume the
maximum energy of the constellation is one and therefore the resulting E;, is less than one and denotes the

normalized average energy of the constellation.

Theorem 1 (Lower Bound: QAM Case). Let s¢(0) be as in (2) where ¢; = a; + jb; and the a;’s and b;’s each

has i.i.d and even distributions. Also, let C(?AM be the ensemble of all the admissible codewords C. Then,

1
Pr {PMEPRCqQAM(C) < logn — 6.5log log n} <0 (10g4n) . 4)

Proof: Since we are looking for an upper bound for Pr{PMEPR.(C) < A}, hence a lower bound for
Pr{PMEPR(C) > A}, instead of considering the maximum of s¢(8) over all §, we may consider the maximum
of s&(6) = Re{sc(0)} over its n samples 6,,, = w(2m + 1) /n for m = 1,...,n. Following the proof of [15],
we also define 0 < u(z) < 1as

0 |z| <M,
u(r) = )

1 |z|>M+A

where A = Togn and assume M = y/nEg, logn — 6.5nE,, loglogn — Togn- Ve also assume u(x) be

a function which is 10 times differentiable such that «")(z) = O(A~") for 1 < r < 10 2. Based on these

assumptions on u(z), in Appendix A, we proved other properties of u(z) that will be used later in the proof. We

2Note that u") (z) = O(A™") means that for all z, lim |%| < a which implies that the maximum of |u(" (z)| is less than
n— oo

aA™" for large n.



then define the random variable 7 as,

S -
1= Y ulRe(scn)}) = Y ulshiOm) = 3 [ T ENu(t)at ©)
where we replaced u(z) by its Fourier transform v(¢). To find a lower bound, we use the following inequalities,

P 0) > M} >P RV >M) = 1—Pr{n=0
r{ogleggwlso( N> M} > r{oglggnlsC( m)| > M} r{n =0}

> 1-Pr{n=0,n2>2E{n}}

= 1—-Pr{|n — E{n}| > E{n}}

0.2

- Ez{nn} 0

v

The first equality follows from the definition of 7 which is zero when |s&(6)| is less than M. The second equality

follows from the fact that 7 is a nonnegative random variable, and the last inequality is Chebychev’s inequality.
Therefore, the evaluation of the lower bound boils down to the asymptotic analysis of the first and second

moments of . In appendix B, it is shown that E{n} > O(log’ n), and 02 = E{n?}—E*{n} < O(E{n}log” n+

log® n). Therefore, the above results imply that

0 1
P > E., 1 — 6.5nF4, log 1 — ]/ —1}>1- . 8
I{O?G%};JSC(O)' = \/’)’L av 1ogn — 6.5nEq, loglogn logn} = o <log4n> (8)
Using the definition of PMEPR and normalizing both sides of (8) to R, = nFE,,, the theorem follows. [ |

As mentioned in Appendix B, the derivation of the lower bound relies on the characteristic function of £(6).
For the PSK case the real and imaginary parts of ¢ are not independent, however, we can still use a similar
argument to generalize the result to PSK constellations in which the distribution over the constellation points is

invariant under 7 /2 rotation.

Theorem 2 (Lower Bound: PSK Case). Let ¢; = 75 where the ¢;’s i.i.d. chosen from a g-ary PSK constellation



in which the PDF of ¢; is invariant under rotation by 7/2 and C,fSK is the ensemble of all codewords C'. Then,

1
PI'{PMEPRC;’SK(C) <logn —6.5loglogn} < O (1 1 ) . 9)
og'n

Proof: In the PSK case, we can write the characteristic function of s&() as,

Dpsk () = B{eC0)} = H EB{e/Relae™}y — H E{cos(tcos (i0 + 3;))} = H E{costB.} (10)

i=1 i=1 =1

where 3! = cos(i6 + ;) has an even distribution since the §’s are chosen from a PSK constellation such that
Bi, Bi + /2, and consequently ; + = are equiprobable. Furthermore, for |¢| < 1 the characteristic function is
positive. Therefore, using the result of Appendix C, we can then write E{cos(t4)} = e~ P{(8)?}#*/2+at!+0(t)

for |t| < 1, where the second moment of 3, can be evaluated as,

B{(8)°) = B{eos”i0 + )} = 5 + 3 Bleos(2i0 +26)) = 5 (11)

and the second term is zero since 25 has the same probability as = + 23; due to the fact that the PDF of
(i is invariant under rotation by /2. Therefore, replacing (11) into E{cos(t4)} and then into (10), we get,
Bpgk (1) = e~ /4+nat’+O(n®) for [¢| < 1. Now, we can use the same argument as that of Theorem 1 to find the
mean and variance of n as in (B.6) and (B.18), respectively. The theorem follows similarly by setting F,, = 1

for PSK constellations. |

To generalize the result to spherical codes, we initially need to find the characteristic function of %@(0) when
the codeword C'is uniformly distributed over €2,. Clearly all ¢;’s are dependent, however the following Lemma

provides the characteristic function of s&(6) when C is uniformly distributed over €,.



Lemmal. LetC = (cy,...,c,) be a random complex vector uniformly distributed over €, and s&(8). Then

2"T(n)
‘t'nnn—l

E{e56®)} = Tn(nlt])

Proof: Let ¢; = a; + jb; fori = 1,...,n. As a first step to find the characteristic function of s&(9), since

S r_, sin? k6 + cos? kO = n, we can state that,

p(sE©) = p({(a1,-...,an,b1,...,by),(cosb,...,cosnb,sinb,. .., sinnd)))

= p({U(a1,---,an,b1,---,bn), (vVn,0,...,0))) = p(v/na)) (13)

where p(z) denotes the PDF of the random variable z, (), ... ,al, b}, ..., 0)) = U(a1,...,an,b1,...,bn), ()

bt (%]

denotes the inner product of two vectors, and U is any orthogonal matrix such that U (cos 6, cos 26, . . . ,sinnf) =
(v/n,0...,0).

Moreover, since the vector (a, ... ,an,b1,...,b,) has an isotropic distribution [17], the distribution of the
vector remains the same under multiplication by orthogonal matrices, and therefore p($£(0)) = p(v/na}) =

p(v/nay) = p(yv/nr1¢1). Now we can use Eq. (13) to write,

2w

B itsE () - E jty/nr1 cos ¢1 — B /
(B0} = Be p=n{[

- Jtv/nricos ¢ d</>1} = E{Jo(tv/nr1)} (14)

where we used the definition of the Bessel function and the fact that ¢ has the uniform distribution proved in
Appendix D. Since Jy(z) is an even function, the characteristic function is an even function of ¢ and we can

therefore focus on ¢ > 0. Using the distribution of r, computed in Appendix D, we can write Eq. (14) as,

2

) Vn 1 n
E{ejtsg(a)} = W/ rJo(tv/nr)(n — r?)"tdr = 2n/ uJo(tnu)(1 — u?)" " tdu = 2"T(n)
0 0

tnnnfl

In(nt)

(15)



for ¢ > 0, where we used the identity [, z(1 — 22)"~LJy(bz)dz = Z—2® ], (bz) for b > 0 [18]. Since the

characteristic function is even, the lemma follows from (15). [ |

For large values of n.and 0 < ¢ < 1, we can use the asymptotic expansion of the Bessel function of order n

as [18],

e—n(cosh*1 %—M)
Jn(nt) = PR E (1+0(1/n)) (16)

for 0 < ¢ < 1. Therefore, we can use the asymptotic expansion I'(n) = ¢ "n" 1/24/2x (1 + O (1/n)) for large

n [18], together with (16) and replace them into (15), to obtain
B{e/*¢O} = B{Jy(tv/nr1)} = e O (140 (1/n)) = e M@ TtH0EN (1 L O(1/n)),  (17)

for |¢| < 1 and large n. Therefore, log E{e/*s¢(®)} is an even positive function of ¢ for large n and |¢| < 1. Now

using the Taylor expansion of log E{eﬁsg(e)} as in Appendix C, we can write oy in (17) as,

noy = %E { (35(0))2} = %E{na%} = E{nr?cos® ¢1} = % (18)

Therefore, the characteristic function of s&(6) can be written as,
E{ejtsg(O)} _ efnt2/4+nat4+0(nt6)(1 +0(1/n)) (19)

for large » and |¢t| < 1. This in fact allows us to generalize the lower bound for random spherical codes in the

following theorem.

Theorem 3 (Lower Bound: Spherical Codes). Let s¢(@) be as in (2) where C is chosen uniformly from €2,.



Also, let C, be the ensemble of all the admissible codewords. Then,

Pr{PMEPRc, (C) < logn — 6.5loglogn} < O (1 14 ) (20)
og ' n

Proof: Using Lemma 1 in which the characteristic function of s&(6) is computed for |¢| < 1, and using
the identity e=@ = e=% + O(|b — a|), we may write E{e/*¢(M} = ¢=n*/4 4 O(nt*), where C is uniformly
distributed over €2,. We can now follow the same line as the proof of Theorem 1 to write the mean of n as in Eq.

(B.6). Similarly, in order to calculate the second moment of 7, we have to compute,

(I)s(t, T Om’ 0l) — E{ej > k=1 ap(t cos k@m+T cos k) —by, (¢ sin kO 47 sin kel)} (21)

Since Y_p_; (tcos kb, + T cos k0))? + (tsinkby, + 7sink;)? = n(t? + 72) form # land m + 1 # n, by

using a similar argument as in the proof of Lemma 1, we get,
(1,750, 0r) = E{VP(EFTI} (22)

where a1 is as defined in Lemma 1. Consequently, it can be then concluded that for m # [ and m + [ # n, we

have

By (t, 73 O, 0)) = e~ HT N/ HnalELTHOWELDD (1 4 O(1/m)). (23)

We can similarly prove that E{n} and E{s?} are as in Egs. (B.6) and (B.18), respectively. So using Chebychev’s

inequality as in Theorem 1, we can complete the proof for random spherical codes. [ |

3.2 Upper Bound for the PMEPR

In this subsection, Theorem 4 obtains the probability of having PMEPR slightly greater than log n for the QAM

case and shows that this probability goes to zero as n tends to infinity. This will be extended to PSK and spherical

10



codes in Theorem 5 and 6, respectively.

Theorem 4 (Upper Bound: QAM Case). Consider the setting of Theorem 1. Then,

1
Pr {PMEPRC(?AM (C) > logn + 5.5loglog n} <0 (1 1 ) . (24)
og*n

Proof: We first define the real function s¢ (7, 0) as,

sc(7,0) = Re{e!sc(0)} = Z a; cos(if + ) — b; sin(if + ) (25)
i=1

consequently we define K as K = maex|sc(’y, 0)| = |sc(v0,60)| = m;xx|sc(0)|.
%
As mentioned in [15] and used in [16], the point of introducing -y is that we can now deal with the maximum

of a real function s¢(7, @) and generalize the result of Halasz to complex polynomials over the unit circle. Let

u(z) be as defined in (5) with the only difference that here M = \/nE,, logn + 5.5nE,, loglogn.We also

assume F,,, is the normalized average energy of the constellation. Consequently, we define the random variable

2 27w 2 2 oo
n :/ / u(sc(v,0))dody :/ / / 7oy () dtdody
o Jo 0o Jo Joo

where we substitute u(x) by its Fourier transform v(¢). As the second step, by using the Taylor expansion of

n as,

sc(7y,6) around its maximum absolute value, it is shown in [16, 15] that if < —— then K < M + 2A.

nlog?n

Therefore,

Pr{K <M +2A} > Pr{n < } > 1—nlog?nE{n} (27)

nlogn

where we used Markov’s inequality to deduce (27). Therefore the derivation of the upper bound boils down to

computation of the mean of 5. As in the derivation of the lower bound, we start with computing the characteristic

11



function of s¢ (v, 6),

E{ejt >y aj cos(if+y)—b; sin(i0+'y)} — e Em,lz ', cos2(if+7)— E(sz *_, sin2(i6+7)
- L 2 n 25 t2 n 20
+ t* a1 Y cost (i +7) +ax ) sin®(i0 + ) p e T Ferrdiz 05 (W)= Favad iy sin(i6+)

=1 =1
+  O(nt® +n?t®) (28)

for |t < 1 where we used e = e~® + (b — a)e™® + O((b — @)?) as in Eq. (B.11) and E,,; and E,,» are as

defined in Theorem 1. We can now take the expectation of 7 as,

2 2w
E{TI} — / / / E{e]tz *_, aj cos?(i0+)—b; sin?(i6+7) }’U( )dtd@d’y

2 2w

2 2w poo
+ 0 (n/ / / te Em,lz ', cos?(if0+7)— EM,QE ', sin (w+7)|’l)(t)|dtd’)/d9>
0 0 —0o0

+ 0 (/_i (nt® + n2t8)|v(t)|dt> (29)

Using the results in appendix A, we can simplify the expectation of n as follows: the first and second terms

follows from (A.6) and p = 0, 4, and the last term can be computed by (A.3), to get,

M2 M2
B \/ne~ nFay n+/ne” "Fav n n?
E{n}O( i +0 AT +0 | X5+ 23 (30)

Therefore, by setting the value of M and A, and using the Markov inequality, we conclude that E{n} =

0] (nlog n) to get

1 1 1
Pr{K < M +2A} > Pr{n < s} >1-1log’nO(———) =1-0(——) (31)
nlog”n nlog’n log®n
The theorem follows by using the definition of PMEPR for large values of n. B

12



The next Theorem presents the same asymptotic result for the PSK constellations.

Theorem 5 (Upper Bound: PSK Case). Consider the setting of Theorem 2. Then,

1
Pr {PMEPRcPSK(C) > logn + 5.51og logn} <0 < 1 ) (32)
a log™ n

Proof: We first compute the characteristic function of sc(vy,0) = >, cos(if + B; + ),

E{ejtSC(%a)} = H E{cos(tcos(if + B; + 7))} = H E{COS(tﬂgl)} (33)

i=1 i=1

where ﬂ;' = cos(i0 + B; + ) has an even distribution since 5 is chosen from a symmetric PSK constella-
tion. Since the distribution of ¢ is invariant under rotation by = /2, using the result in Appendix B, and fol-
lowing the same line as in the proof of Theorem 2, we can write the characteristic function as E{é*c("9)} =
¢t /4tnat+O0(mt®) for |t| < 1. The Theorem follows by using the characteristic function of s%(6) and follow-

ing the same line as in the proof of Theorem 4. [ |

Theorem 6 (Upper Bound: Spherical Codes). Let C' be a codeword uniformly chosen from €, and C, be the

ensemble of all those codewords C. Then

1
ﬁ@MMﬂﬂ@gbm+5M@%ﬂgO<l4>. (34)
og ' n

Proof: First of all, we derive the characteristic function of s(-y,#) when the codeword C' is uniformly

distributed over €2,,. We can use the result of Lemma 1 to show that

E{ejtsc(fy,a)} _ e—nt2/4+ant4+0(nt6)(1 n O(l/n))
= e/ 4 a(ntt + O(ntd))e /4 + O(n2®)
e /4 4 antle ™14 4 O(nt® + n2t®) (35)

13



where we used e = e % + (b — a)e ® + O((b — a)?) for a,b > 0. Fortunately the characteristic function of

sc (7, 0) allows us to use a similar approach as in Theorem 4 to evaluate the mean of 7 as,

E{n} = / ” / ” / ” E{e?5c V() dtdyde

2T 27 2T 27
= / // e Ay ( dtd7d0+n/ / / the Ay (¢)dtdydd

+ (/_Oo (nt® + n2t®)|v(t )\dt)

Using the result of Appendix A and similar to Theorem 4, we can simplify (36) to get E{n} = O(

) The

nlog®n

Theorem follows using a similar argument as in Theorem 4 and setting the value of M and A. [ |

4 Summary and Discussion

To get a better insight into the above results, let G corresponds to Cf SK. C(?AM , or C, as random codes over the
corresponding constellations. Using the inequality Pr(A) + Pr(B) — 1 < Pr(A N B) < Pr(A), and Theorems

1 to 6, we may write,

1
1 > Pr{logn + 5.5loglogn > PMEPR(,(C) > logn — 6.5loglogn} > 1 — O(1 —)- (36)
og*n

Eqg. (36) shows that with probability approaching unity the PMEPR of any codewords randomly chosen from
symmetric QAM/PSK or £2,, behaves like log n + O(log log n) asymptotically. This result implies that for large
number of subcarriers, clipping the signal with threshold value less than log n may cause sever distortion in the
signal. On the other hand, by using probabilistic methods [2] in which we randomly map the data to different
codewords and choose the best one in terms of PMEPR to transmit, we cannot further reduce the PMEPR below
log n. Meanwhile these methods performs very well for moderate values of n since log n is reasonably small.

Another class of methods to reduce the PMEPR is to use coding not only to introduce large minimum distance

14



but also to reduce PMEPR [6]. It has been shown in [6] that the Varsharmov-Gilbert (VG) bound for spherical
codes with PMEPR less than 8logn remains the same as that of spherical codes without PMEPR restriction.
This shows that there exist high rate and large minimum distance spherical codes with PMEPR of 8 log n.

In fact, we can use the result of Section 3 to derive a VG type bound on the rate of code with given minimum
distance and PMEPR of less than logn. Here, we use the minimum Hamming distance which is defined as the
minimum number of coordinates in which any two codewords are different [19]. The rate of C, is also defined as

R=1 log, |C| where |C| is the cardinality of the set C.

—n

Corollary 1. Let @, be a complex g-ary symmetric PSK or QAM constellation, R > 0,and 0 < 6 < % If

@37)

then, asymptotically, there exists a code C of length n, with entries chosen from &, rate R, minimum Hamming

distance dpin, = |0n], and PMEPR¢ < logn + 5.5 log log n.

Proof: The proof follows by first excluding codewords with PMEPR larger than logn + 5.5 log log n, and
then using VG type argument to construct a code with the minimum Hamming distance d,,;, = [6n] [19]. |}
According to Corollary 1, it follows that not only do there exist spherical high rate codes with PMEPR of
8 log n, but there also exist codes chosen from usual constellations like QAM and PSK with the same asymptotic.
On the other hand, this result does not contradict the existence of exponentially many codewords with constant
PMEPR. However the ratio of the number of these codewords to ¢* has to tend to zero asymptotically. So there

still remains an open problem of what is the rate of codes with constant PMEPR?

A Appendix A

We adopt the following Lemma from [15] with modifications to the fifth and sixth inequalities that are required

for the generalization to polynomials over the unit circle with complex coefficients.
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Lemma 2. Let u(z) be a continuous differentiable function as defined in the proof of Theorem 1 and v(t) =

% f"oo u(x)e’*dz. Then we have the following properties,
1
*° M
i) / lw(#)[dt = O (-) (A2)
. A
* 1
iid) / #Po(t)|dt = O (—> 1<p<8 (A3)
o AP
iv) / lo(#)[dt = O(1/A%) for any constant I > 0 (A4)
[tI>lo
o0 \/ﬁe_l\E‘l—2
¢ "Fat?/44p _ " Fav
v)/ ; ()dt‘—O L 1<p<8 (A5)
o 2 _ M2
/ / / S (Bavl 2oy cos2(i0+v)+Eqv2 37, sin (z«9+7))tpv( )dtd’}/dﬂ =0 <\/ﬁe AnE‘“’ )
MAP

(A.6)

where M = \/nE,,logn + O(loglogn), A = /logn, and Eyy = Euy1 + Eguo.

Proof: For the proof of (A.1) to (A.4) refer to [15]. In order to prove (A.5), we use Parseval’s theorem and

the properties of Fourier transform to obtain,

x 2 1 x 2
—nt?/4,p |l —z?/n, (p)
‘/_ e t ’U(t)dt‘ = _/ e u'P)(z)dt (A7)

Now we can use the fact that u(P)(z) is zero for |z| < M and equals to O(1/A") for |z| > M to rewrite the

integral as,

oeman)-ofgis o) o)
|z|>M
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where Q(z) = \/% 2% e%*/2dz. Using the asymptotic expansion Q(z) = ez_;;f (1 — O(1/2?)) [18], we get,

M
; o(5) o (e

AP - MAP (A-9)

(A.5) follows from (A.8) and (A.9). To prove (A.6), we first use (A.5) to write the inner integral in (A.6) as,

. M2
/oo 6_%(Eavl Ein,:l COS2 (i9+'7)+Eav2 E?:l Sil’l2 (Z9+’Y))tp'l](t)dt — O ( \/ﬁ 6_ 2(Eav1 E?:]_ Cos2(i6+'y)+Eav2 Z?:l sin2 (160+7)) )
—00 MAP
(A.10)
We then use the following inequality for large values of n similar to [15],
n n
E E Eig1 — E
Z Eu1 cos?(i0 + ) + Egpa sin®(i0 + ) = (Faon +2 av2)n + Faut 5 ) Z cos 2(i0 + )
i=1 i=1
Byt 4 MOt R <16 </2
< (A.11)
nEq, everywhere
where we used the inequality > | cos 2(i0 + a) < 2|sm0| and considering that |sin@| > 6/2 for 6 < 0.1, the

inequality follows for large n. Therefore we may write,

M2
2m 2w M2 - E

= 2

/ / 2(Ea'ul En —1 0052(19+’7)+Eav2 En 1 sinZ(i0+7)) ded < Ar log e 2nEav + 471' nEav+ o logn | .

n

(A.12)
2
We can now use the fact that 10% <e ey for M = v/nEq logn + O(loglog n) and also using,
M2 )
nEM+M_Ea4ﬁ;)Lg—TEaﬂ2_‘ _ efMZ/nE(w % eEavHIOgQ{i-Ial—ag\n — O(esz/nE(w) (A13)
2
to bound (A.12) by O(e™ "Eav ). Eq. (A.6) follows from (A.10) and (A.13). [ ]
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B Appendix B

In order to calculate the mean and variance of 7, we substitute s%(6) in (6) to get
n 0o
n= Z / ejt > k=1 Gk €08 kfm —by, sin kamv(t)dt. (Bl)
m=1" ~X

Using the independence of a;’s and b’s, we obtain,

n
E{ejt > h—1 G €08 kfm —by, sin k@m} _ H E{ejtak cos kom}E{ejtbk sin k0m} A (I)QAM(t; Hm)- (B.2)
k=1

It is shown in appendix C that for [t| < 1, E{d%!} = e Faut’/2-at'+0(t°) and similarly E{ei%!} =
e~ Bav2t?/2=axt'+0(8°) where E,,; and E,y are the average energy of a; and by, and therefore, E,p = Egp1 +

E,42 is the average energy of ¢,. Now using e=® = e~ + O(|b — a|) for a,b > 0, we can write Eq. (B.2) as 3,

@QAM(‘[;; gm) = e_g(ZZ:l Egv1 cos? kOm+Eqv2 sin? kam)+n0(t4) — e_nEavt2/4 + O(nt4) (83)

for |t| < 1, where we used the identities: "3 _, cos? kf,,, = Y"p_, sin? k6, = n/2 for 6,,, = 7(2m + 1) /n. To
evaluate the expectation of  in (B.1), we replace (B.3) in (B.1) for |¢| < 1, and use one as the upper bound for

the absolute value of the characteristic function for |¢| > 1 to get,

BE{n} =n /_ 11 e~nEert? Ay ()it 4 O <n2 /_ 11 t4|v(t)|dt> +0 (n /ﬁ N |v(t)|dt> . (B.4)

We may then extend the first integral to infinity and include the resulting error in the third term, also by

extending the second integral to infinity the third term can be included in the second integral. Finally, Eq. (B.4)

3Note that since the characteristic function is less than 1 as shown in Appendix C, a has to be non negative.
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simplifies to

E{n} = n/ e~ "Faol® /Ay (1) dt + O (nQ/

—0o0

t4|v(t)|dt) : (B.5)

Using the property (A.3) of u(z) shown in appendix A, we may substitute the second term by O(g—i) and using

A=, /2, we get,

logn?

o
E{n} = n/ ean“”t2/4v(t)dt + O (log®n) (B.6)
—00
In order to find the second moment of 7, we may write 77 as,
0’ = u(s8(Om))u(s(60). (B.7)

Therefore, after substituting the Fourier transform of u(x) in (B.7), to evaluate each term of the double summation

of (B.7), we should compute,
u(sE(0m))u(sE(6))) = /_O; /_O;E {ejzgzlak(tcosk9m+7coskal)—bk(tsinkeerTsinkal)} v(t)v(r)dtdr (B.8)
The inner expectation in (B.8) can be split using the independence of g,’s and b;’s as,
E{ e Xiimr ax(tcos kOrn-+7 cos k) —by (tsin k-t sin ko) |

n n
— H E{ejak(tcoskem—i-’rcosk:ﬁl)} % H E{e—jbk(tsinkem—l—rsink:é?l)} A ‘I)IQAM(taT;Omael) (B.9)
k=1 k=1

As we stated for the calculation of E{n}, for [¢| < 1, we have E{g%!} = e~Fav1t?/2-a1t'+0(t°) and F{eibrt} =

e~ Fav2t®/2-02t"+0(t°) Therefore, for |t|,|7| < 1/2, each expectation in (B.9) can be written as,

E{ejak(tcos k0m+7c0sk01)} — 671/2 > h=1 {Eavl(tcoskem—kfrcoskﬂl)2—|—a1(tcoskem—i—’rcosk01)4}+0(n(\t|+\7|)6) (B.10)
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where we used O((t cos kb, + 7 cos k6;)®) = O((|t| + |7|)®) for the last term in the exponent. We can also
write a similar equation for b,. After substituting (B.10) in (B.9), we can use the second order approximation

e =eb+ (b—a)e ®+O((b—a)?) fora,b > 0, to write Eq. (B.9) as,

q),QAM(ta 73 0pm, ol) — e % >r_1 Eqv1(t cos kOm+T cos k) 2+ Eqy2(t sin kOm +7 sin k6;)?

n
+ Z {a1(tcos kB, + 7 cos kO))* + ao(tsinkb,, + 7sinkd;)* + O(n(|t| + |7))%)} x
k=1
e—% S r_1 Eavi(tcos kOm+7 cos k8;) 2+ Eqy2(t sin kO +7 sin k)2

+ O@*(t] + I7)®) (B.11)

for [¢],|7| < 1/2. We can further simplify (B.11) by using the identities:y"}_; (¢ cos k6, + T cos k6;)* =
Sk (tsinkf,, + 7sink6))? = n(t? + 72)/2 for m # land m + | # n, and Eqy = Egy1 + Eqy2, to get

Bloart(t, 3 0m, 00) = e 2" F ) L On([t] 4 |r)*)e 2" Eer ) L O(n((t] + 7)) + O (|t + |)®)
(B.12)
for |t|, || < 1/2, m # [, and m + | # n. For the other 2n terms (i.e. m =1 or m + [ = n) in (B.1), we can use

the following inequality,

2> " u(s&(0m))u(s&6)) <2 u(s&(6m)) = 2n (B.13)

since 0 < u(z) < 1. Now replacing (B.12) into (B.8) and then into (B.7) for |¢], |7| < 1/2, using one as an upper

bound for |¢],|7| > 1/2, and using (B.13) for 2n terms with m = [ or m + [ = n, we obtain,
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/2 p1/2 ,
B2} < (n?—2n) / / e Bas (B472) gy (1)) bl

1/2J-1/2
/2 p1/2
( 32 / B B R GO (T)dtd¢>
1/2 1/2 2 el
( g / (1] + Do Olio(r >|dtdf) +0< / (|t|+|T|)8|v(t>||v(r)|dtd7>
1/2 —1/2J-1/2
2
¢ (n /t|>1/2 /|T>1/2 lv(t)HU(T)'dth) +2E{n} (B.14)

To evaluate (B.14), we may extend the integrals in the first four terms from —oo to oo to find an upper bound for

E{n*}. So we may write Eq. (B.14) as,

2

Bl < (2= 20) ([ B atg(r)arar
+0( / / ([t + 7])te nPas*47? /4|v(t)||v(7)|dtd7>

1/2 o p1/2
+0 ( / / (1t + 17D [o () ||o(7) | dtdr +O(n4/oo/1/2(|t|+|’r|)8|v(t)||v(7)|dtd'r>

+0 (n / ot )|dt> +2B{n) (B.15)
[t|>1/2

Now we can use (A.4) in the Appendix A to write the fourth term in (B.15) as O( ) The second term in

(B.15) will be also simplified to,

O("g/ / <ltl+ITI)46‘"Eav<t2+f“’>/4|u(t)||v(7)ldtd7>

4 o0 , 00 ) nte—2M?/nEaqy
= 0|n*) / tPe et /4 gy / i Pe BT My | =0 S| (B16)
p=0"Y ~® —00
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where we used the identities (A.5) with p = k and p = 4 — k. The third term similarly can be evaluated as,

( / / ([t + 7)) °[o(@)l[o(r )|dtd7'>:
( {E/ |thu(t |dt/ |6+ ()|dt+2/: Iv(7)|d7/: It%(t)\dt}>

3 3 3
S0 (B) vo(sn e M) o (2 vo (). 61

where we again used (A.2) and (A.3) to evaluate both terms in (B.17). Along the same line as the evaluation of

the third term, the fourth term can be also shown to be O( ) Therefore, setting the value of M and A, we

may write,

00 2 4 ,—2M?/nEgy 3M 4M
pory < 2pt ot (el +o (%) vo ("5 ) +o (")

00 2
= 2E{n} + n? (/ enE“”t2/4v(t)dt> + O(log® n) + O(logn) + O(log? n). (B.18)

On the other hand, it is easy to find a lower bound for E{n} by using the definition of u(x) and Parseval’s
theorem and show that E{n} > O(log’n) [15]. Equivalently, this implies that o2 = E{n’} — E*{n} =

O (E{n}log®n + log’n)

C Appendix C

In this appendix we calculate the characteristic function of a bounded random variable with even probability

distribution function.

Lemma 3. Let ¢ be a real random variable with even PDF, variance E,,,, and maximum energy 1, i.e. |c\2 < 1.

Then for |t| < 1, we have

log ®(t) = —E4t?/2 + agt* + O(t5) (C.1)
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where ®.(t) = E{elt}.

Proof: It is clear that when the PDF of ¢ is even then the characteristic function is real, so ®.(t) =
E{cos(tc)}. Since the PDF of ¢ is non-negative and the maximum energy of c is one, ®.(¢) is a real posi-
tive function. ®.(t) is also inifnitely differentiable for |t| < 1 since E{c* cos(tc)} is bounded for any k. Now
we can write the Taylor expansion log ®.(t) = Y2, a;t'. Since ®.(0) = 1, ag Will be zero. Furthermore, since

the PDF of c is even, ®.(¢) and log ®.(¢) will be even and therefore ag;+1 = 0, for k = 0,1, .... The values of

@II (0)

as can be computed as ap = 0]

= —1E{c?}. Therefore, for [¢| < 1, we can write the Taylor’s expansion

log(®(t)) = —E{c*}t?/2 + ast* + O(t°).
D Appendix D

Lemma4. Let C = (cy,...,c,) be a random complex vector uniformly distributed over €),. Let ¢; = r;e/%:.

Then r1 and ¢, are independent with the following distribution,

2 2

pr) = ——ri(n -1}, (0.)
#) = 5 (02)
o = op '
Proof : Since the vector C is uniformly distributed over Q,, p(C) = $6(CC* — n) where V = 7}?2; Now
let’s define C' = (¢, ..., ¢,). Then, we may write p(c;) as
p(c1) = 1 / §(CC* —n)dC' = 1 / / I(CC" M) 4O dw (D.3)
\%4 2V ’ '

where we used the definition of é(x). In order to make the integral converging, we multiply the integral by

1 = e™=CC"B in which 8 > 0. Therefore,

1 . . S .
pler) = W//e”(ﬂ—f“’)e—T?(ﬂ—Jw)e—CC (B=19) gC" dw (D.4)
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It is shown in [17] that if P and Q are Hermition M x M matrices and P > 0, [ e~¥" (PHi@¥dy = WA@.Q).

So setting z = 8 — jw, we get,

an—1 e(n—r%)z a1 B
pler) = 2V / P dz = m(n — i)t (D.5)

Therefore, we can now compute the probability distribution of 1 and ¢4 as follows,

27" 1 2 9

p(r1) = /7"117(7"1>¢1)d¢1 = mﬁ(n —r)" = (e - )"
p(¢1) = /7"117(7”1,¢1)d7"1 = %
Also since p(r1, ¢1) = p(r1)p(¢1), r1 and ¢ are independent. [ ]
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